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Introduction

The question arises when one watches movies such as Star Trek: what is a black
hole ? One knows from special relativity that light speed cannot be exceeded.
So, as a first attempt to define the notion of black hole, we just say that it is a
region of the space from which even light cannot escape. Such an object causes
a scientific problem because it is by assumption not observable. This fact allows
science-fiction writers to invent anything without any chance of contradiction.
That is a Star Trek black hole.

Physical black holes are much more interesting because they are the signal
of a general relativity failure.

The Newtonian gravitational field is given by a potential which increases
as 1/r when you get closer to a massive object. At r = 0, this potential makes
no sense and physics is in trouble. One can avoid the problem by postulating
that there exist no pointwise masses and that particles cannot penetrate each
other. From these assumptions, the fact that Newtonian mechanics does not
impose any limit speed makes the divergence at r = 0 unimportant.

In general relativity, the divergence at small distances is much more prob-
lematic because there is a limit speed; hence a pointwise mass always creates
a whole region from which nothing (not even light) can escape. Worse: even a
homogeneous ball produces a divergence in the metric when it is too dense, and
such objects may exist in the real world. Stated in a more mathematical way:
solutions of Einstein’s equations for the real world may be singular. From this
point of view, black holes are nothing else than a feature in the mathematical
framework of relativity which indicates that this is not a final theory. That is
the notion of black hole in general relativity and in cosmology.

The transfer of concept from physics to mathematics always consists in
taking the key features of the mathematical framework of a physical theory
and posing them as definition of a new mathematical object. What are the
main mathematical points in the concept of black hole in general relativity ?
First, we retain the notion of pseudo-Riemannian manifold. The sign of the
norm of a vector is the crucial property which allows one to define causality
(the light cone).

The second main feature that we extract from the physical situation is the



fact that a general relativity black hole has a non empty interior. We saw
that this is the key difference between the Newtonian case in which all points
are equivalent except the unique point where the mass lies, and the general
relativistic case in which a whole region was causally disconnected from the
rest of the space.

More precisely, as mathematicians, we ask a black hole to separate the
pseudo-Riemannian manifold into two causally disconnected parts in the sense
that no light-like geodesics can reach the second region from the first one.
Notice that we do not include metric singularity in our mathematical black hole
notion. In cosmology, in contrast, black holes always take root in a divergence
of some metric invariant such as the curvature.

The anti de Sitter space is a solution of Einstein’s equations with constant
negative curvature. We consider this space as our framework. First, we define
as singular the closed orbits of the action of some subgroup of the isometry
group SO(2,n) of anti de Sitter. This is done in such a way to generalize
to any dimensions the celebrated BTZ black hole. Then we prove that the
resulting structure is a black hole in the sense that it cuts the space into two
parts : an interior region from which every light-like geodesic intersects the
singularity and an exterior region in which every point accepts at least one
light-like geodesics which does not intersect the singularity. Notice that our
black hole does not present any curvature singularity.

The second theme of this thesis is deformation quantization. The key ingre-
dient of quantum mechanics is the noncommutativity of quantum observables.
When one tries to measure the velocity and the position of a classical particle
(such as a tennis ball or a planet), one can choose the order of measurement.
It does not matter which of velocity or position is measured first. Quantum
mechanics (the mechanics which governs subatomic particles) is very different.
If you measure the position of an electron and then you measure its velocity,
you do not get the same result as if you had measured the velocity first and
then the position. That noncommutativity in measurements is the very foun-
dation of the quantum mechanics. In the usual mathematical framework, it
is implemented by describing each measurable quantity by an operator acting
on a Hilbert space. The eigenvalues of these operators correspond to physical
measurements. The position and momentum operators for example are respec-
tively f(z) — xf(x) and f(z) — —ih(d.f)(x). These two operators obviously
do not commute.

In a more abstract way, we say that noncommutativity of quantum mechan-
ics is implemented by considering some noncommutative algebra of operators
acting on a Hilbert space, while the classical mechanics deals with observables
that are usual functions that form a commutative algebra. The procedure to
pass from commutative function algebras to noncommutative operator algebras
is the so-called quantization in physics.



In our sense®, deforming a manifold is simply putting a one-parameter fam-
ily of new noncommutative products on the set of functions on this manifold.
We impose that it reduces to the usual commutative product when the pa-
rameter goes to zero. In order to speak of quantization, we ask the first order
term in the expansion with respect to the parameter to somehow “contain” the
symplectic structure given on the original manifold.

Questions that arise in this context are: is it possible to study causality in
a noncommutative framework 7 does it apply to real physics ?

The main result of the present work is not to directly address these large
questions, but to build a concrete example in which one can work. Namely, we
consider the anti de Sitter space — that is the simplest non trivial solution of
Einstein’s equations with constant negative curvature — that we endow with
a black hole structure defined from the action of a subgroup of the isometry
group. Then we select the physical part of the space — the one which is causally
connected to infinity — and we perform a deformation of that part.

The work is divided into three main parts. In a first time (chapter 1) we
define a “BTZ” black hole in anti de Sitter space in any dimension. That will
be done by means of group theoretical and symmetric spaces considerations.
A physical “good domain” is identified as an open orbit of a subgroup of the
isometry group of anti de Sitter.

Then (chapter 2) we show that the open orbit is in fact isomorphic to a
group (we introduce the notion of globally group type manifold) for which a
quantization exists. The quantization of the black hole is performed and its
Dirac operator is computed.

The third part (appendix A and B) exposes some previously known results.
Appendix A is given in a pedagogical purpose: it exposes generalities about de-
formation quantization and careful examples with SL(2, R) and split extensions
of Heisenberg algebras. Appendix B is devoted to some classical results about
homogeneous spaces and Iwasawa decompositions. Explicit decompositions are
given for every algebra that will be used in the thesis. It serves to make the
whole text more self contained and to fix notations. Basics of quantization by
group action are given in appendix A.4.

One more chapter is inserted (chapter 3). It contains two small results
which have no true interest by themselves but which raise questions and call
for further development. We discuss a product on the half-plane (or, equiv-
alently, on the Iwasawa subgroup of SL(2,R)) due to A. Unterberger. We
show that the quantization by group action machinery can be applied to this
product in order to deform the dual of the Lie algebra of that Iwasawa sub-
group. Although this result seems promising, we show by two examples that
the product is not universal in the sense that even the product of compactly

5Quantization is a very large field of mathematics; as far I know, the idea of noncommu-
tativity is always present, but precise notion of “to quantize something” may vary from one
subject to another
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supported functions cannot be defined on AdSs by the quantization induced
by Unterberger’s product.

Then we show that the Iwasawa subgroup of SO(2,n) (i.e. the group which
defines the singularity) is a symplectic split extension of the Iwasawa subgroup
of SU(1,1) by the Iwasawa subgroup of SU(1,n). A quantization of the two
latter groups being known, a quantization of SO(2,n) is in principle possible
using an extension lemma (subsection A.3). Properties of this product and the
resulting quantization of AdS; were not investigated because we found a more
economical way to quantize AdSjy.



Chapter 1

Black holes in anti de Sitter
spaces

Abstract

This chapter deals with black holes in anti de Sitter spaces. The
latter are the simplest non flat solutions to Einstein’s equations with
constant negative cosmological constant; they are in particular pseudo-
Riemannian manifolds that carry a causal structure, physically due to the
finiteness of speed of light. That physical restriction is mathematically
encoded by the existence of three types of geodesics: the space-, time- and
light-like ones, existence which is in turn implied by the non positivity
of the metric. A causal structure is introduced by defining two points as
causally connected when there exists a time- or light-like path connecting
them.

The originality of our approach is that the I-dimensional space AdS;
is seen as a quotient of groups SO(2,1—1)/SO(1,l —1) = G/H, and that
the special causal black hole structure is described in terms of orbits of
the action of a subgroup of the isometry group of the manifold.

Using symmetric spaces techniques, we show that closed orbits of the
Iwasawa subgroup of SO(2,! — 1) naturally define a causal black hole
singularity in anti de Sitter spaces in [ > 3 dimensions. In particular,
we recover for [ = 3 the non-rotating massive BTZ black hole. The
method presented here is very simple and in principle generalizable to
any semisimple symmetric space.

13



14 CHAPTER 1. BLACK HOLES IN ANTI DE SITTER SPACES

1.1 Introduction

1.1.1 General ideas of a black hole

The basic notions needed in order to define a causal structure on a time ori-
entable pseudo-Riemannian manifold are that of time-, light- and space-like
tangent vector. A tangent vector is said to be respectively time-, space- or
light-like when its norm is positive, negative or null; physically, only time-like
vectors are allowed to be the velocity of an observer (this is the fact that light
speed cannot be attained by a massive particle), and it is only possible for
massless particle (such as photons) to follow trajectories with light-like tangent
vectors.

From a geometric point of view, a black hole is the data of a causal manifold
M together with a subset .¥ < M called singularity such that the whole
manifold is divided into two parts: the interior and the exterior of the black
hole. A point is said to be interior if all future light-like geodesics through the
point have a non empty intersection with the singularity. A point is exterior if
it is not interior. An important subset of the space is the event horizon: the
boundary between these two subsets.

1.1.2 BTZ black hole

The BTZ black hole introduced and developed by Banados, Teitelbaum, Zan-
nelli and Henneaux in [4, 5] is an example of a black hole whose singularity is
not motivated by metric divergences'. The construction is roughly as follows.
We consider the anti de Sitter space in which we pick up a Killing vector field
whose sign of norm is not constant. Then we perform a discrete quotient along
the integral curves of this vector field. Of course we obtain a lot of closed
geodesics. The point is that, in the region where the Killing vector field is
space-like, these closed curves are space-like. That violates the physical prin-
ciple of causality. For that reason, we decree that this region is singular or,
equivalently, that the boundary of this region is singular. The BTZ singularity
is then the loci where the chosen Killing vector field has a vanishing norm. Since
discrete quotients do not affect local structures, the resulting space remains a
solution of the (2+ 1)-dimensional general relativity with negative cosmological
constant?. In this context one can define pertinent notions of mass and angular
momentum which depend on the chosen Killing vector field.

1Tt turns out that general relativity accepts a lot of solutions presenting metric divergences;
or more precisely, there are a lot of physical situations from which Einstein’s equations lead
to divergences of some metric invariant such as the curvature.

2For honesty, we have to warn the reader that the real world’s cosmological constant has
been measured very small but positive. We also have to point out that the four dimensional
anti de Sitter space is a solution of general relativity without masses. From a physical point
of view, this thesis has to be seen as a toy model.
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In the case of the non-rotating massive BTZ black hole, the structure of
the singularity and the horizon are closely related to the action of a minimal
parabolic (Iwasawa) subgroup of the isometry group of anti de Sitter, see [12,

]. The whole work on the BTZ black hole and the fact that it belongs to the
class of causal symmetric spaces (for definitions and some examples, see [21])
motivate the following definition:

Definition 1.1.

A causal solvable symmetric black hole is a causal symmetric space where
the closed orbits of minimal parabolic subgroups of its isometry group define a
black hole singularity. See section 1.2 for definitions of causality and singular-
ity.

1.1.3 Generalization and group setting

The original BTZ black hole was constructed in dimension three, but we will
see in this chapter that, exploiting their group theoretical description, they can
easily be generalized to any dimension, as pointed out in [14, 18]. Notice that
higher-dimensional generalizations of the BTZ construction have been studied
in the physics literature, by classifying the one-parameter isometry subgroups
of Iso(AdS)) = SO(2,1 — 1), see [2, 3, 6, 22, 26, 32], but these approaches do
not exploit the symmetric space structure of anti de Sitter.

The structure that will be described with full details in next pages may be
summarized as follows. Take G = SO(2,] — 1), fix a Cartan involution 6 and a
#-commuting involutive automorphism o of G such that the subgroup H of G of
the elements fixed by o is locally isomorphic to SO(1,l—1). The quotient space
M = G/H is a [-dimensional Lorentzian symmetric space, the anti de Sitter
space-time. We denote by G and H the Lie algebras of G and H. We have the
decomposition G = H@Q into the +1-eigenspace of the differential at e of o that
we denote again by 0. We also consider G = K@ P, the Cartan decomposition
induced by 0; and A, a o-stable maximally abelian subalgebra of P. A positive
system of roots is chosen and let A/ be the corresponding nilpotent subalgebra
(see Iwasawa decomposition, theorem B.9). Set N = (N), R = A®N and
R = A®N. Finally denote by R = AN and R = AN the corresponding
analytic subgroups of G. One then has

Theorem 1.2.

The l-dimensional anti de Sitter space with | = 3, seen as the symmetric space
SO(2,1 —1)/SO(1,1 — 1), becomes a causal solvable symmetric black hole, as
defined above, when the closed orbits of the Iwasawa subgroup R of SO(2,1—1)
and its Cartan conjugated R are said to be singular. There exists in particular
a non empty event horizon. There are finitely many such closed orbits.

This chapter intends to prove this theorem, and for the sake of completeness,
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we also analyze in some detail in section 1.5 the two-dimensional case, for which
the construction does not yield a black hole structure.

The black hole causal structure is thus completely determined by the action
of a solvable group. This observation gives prominence to potential embeddings
of these spaces in the framework of noncommutative geometry, in defining
noncommutative causal black holes (see also [14]) through the existence of
universal deformation formulae for solvable groups actions which have been
obtained in the context of WKB-quantization of symplectic symmetric spaces
[7, 10]. These issues are investigated in chapter 2 and in [17].

1.2 Causality, light cone and related topics

1.2.1 Causality in anti de Sitter spaces

We consider the I-dimensional anti de Sitter space (see appendix B.9)

SO(2,1—1)
SO(1,i—1)

According to proposition B.3, we can only consider the identity component of
SO(2,1 — 1) and SO(1,1 — 1) instead of full groups. The metric that we put
on AdS; is the one induced from the Killing form of SO(2,I — 1) by formula
(B.17). This metric has a Minkowskian signature, so that we have natural
notions of time-, space- and light-like vectors. From now we denote by G and
H the groups SO(2,1 — 1) and SO(1,] —1).

The connected group SOg(2,1—1) admits an Iwasawa decomposition AN K
(see theorem B.9). Let AN be the 6-conjugate’group of AN where 6 is the
Cartan involution of subsection B.7.1. We will see that the actions of AN and
AN have closed and open orbits. The closed ones are denoted by .#4n and
Zsr- The following definition is motivated all previously existing work about
BTZ black hole.

AdS; = (=u?+t2—a? — =2 | =1). (1.1)

Definition 1.3.
The singularity in AdS is the set

S = singularity = Lan U LN

so that a point is singular when it belongs to a closed orbit of AN or AN.
The black hole is defined as

BH = {z € AdS; st Y time-like vector k € T, AdS, l’; NS # J}

where 1% is the (future directed) geodesic in the direction k starting at x (see
equation (1.9) and the discussion above).

3Roughly speaking, it corresponds to different choices in the Iwasawa decomposition of
SO(2,1 —1).
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The aim of this chapter is to prove that the so-defined black hole is non
trivial in the sense that the following inclusions are strict:

& c BH c AdS;. (1.2)

In order to get a full definition of the black hole and its structure, we need
to define and characterise the notions of light ray and light cone. These notions
are of course directly issued from physics of relativity.

Definition 1.4.
A light ray is a geodesic whose tangent vector is everywhere light-like.

Remark 1.5. The causal structure of a general pseudo-Riemannian manifold
is the fact that two points are said to be causally connected when there exists
a light ray which passes by both points.

A light ray trough ¥ is given by a vector of Q with vanishing norm. So let
us study these vectors. Let Ey = qo + ¢1 and k, a general element of SO(n)
which reads k = e with K = a¥(E;; — Ej;), i,j = 3 and a¥ = —a’’. If we
pose A; = E1j+Ej1, we have [K, E1] = (2a)73A; and [K, Aj] = a’*A;. Hence,

ad(K)"Ey = ((2a)")" Ay,

and
Ad(k/’)El _ eadKEl =F + Z ((2a)n)k3

n=1

Ay

o0
=B+ Y (20" A, - 674,

n=0 _ (1.3)
=F — F31 — Ei3+ (€2a)j3Aj

-1
=qo + Z w;q;

j=1

i3 .
where w; = (62“) . Under an explicit form, we have

0 1 w1 W2
-1

Ad(k)E, = | W1 (1.4)

The exponential 2% being an element of SO(n), the parameters w; are restricted
by the condition ], wi = 1. Remark moreover that every matrix of SO(2) can
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be written under the form e2® for a good choice of a € s0(2). The light cone
is therefore given by the set of vectors of the form (1,w;) with [|w|? = 1. If
we consider the metric diag(+ — —--+) on Q with respect to the basis {¢;}, we
have

| Ad(k)Eq|* = 0.

This is coherent with the intuitive notion of light cone. It is on the one hand
also true that every light-like vector of Q reads Ad(k)E; for some k € SO(n).
On the other hand every nilpotent element of Q is light-like because trace of
nilpotent matrix is zero (using Engel’s theorem). In definitive, we proved the
following:

Proposition 1.6.
When E is any nilpotent element of Q, the set of light-like vectors of Q is
parametrized by A Ad(k)E with k € SO(n) and X € R.

Let us point out the fact that only the first column of the “direction” k €
SO(n) has an importance in causality issues. So the word “directions” will
often be used to refer to the vector w. It is not a particular feature of our
particular matrix representation choie. Indeed the element k& only appears
in the combination Ad(k)E which is a light-like vector in Q, i.e. Ad(k)E =
tgh + X, g, with t2 — 3 22 = 0 for any orthonormal basis {q}} of Q. As far
as causality is concerned, a rescaling Ad(k)E to A Ad(k)F has no importance,
so one can choice t = 1 and find back >, z7 = 1. We see that it is a natural
feature that the light-like rays are parametrized by unital vectors of R".

Lemma 1.7.
Let E be a nilpotent element in Q, and 7 : G — G/H, the canonical projection.
A light ray through [g] € AdS| has the form

l?g] (t) = W(ge_tAd(k)E) (1.5)
for a certain k€ Ky = K n H = S0(n).

Proof. General theory of symmetric spaces (see [34], pages 230-233, particu-
larly theorem 3.2) proves that a light ray through ¢ = [e] has the form

s(t) = ().

In our context, we have the additional request for the tangent vector to be
light-like. Proposition 1.6 thus imposes X to be of the form Ad(k)E. That
proves the claim for geodesics trough .
The fact that dr, is an nondegenerate isometry then extends the result to
all points.
O
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Corollary 1.8.
If E is nilpotent in Q, then {Ad(k)E}rer, 15 the set of light-like vectors in
Ti91AdS; ~ Q. Therefore

expy(t Ad(k)E) = exp(t Ad(k)E) - 9. (1.6)
is the light cone of ¥ in AdS].

In order to fix ideas, we will always use the element F; as choice of nilpotent
element in Q in order to parametrize light-cone. Since SO(2,1—1) acts on AdS;
by isometries, the light cone at 7(g) is given by a translation of the one at :

C+

g =9 Co = {ﬁ(getAd(k)El)}teR+ . (1.7)

kEKH

The product being taken at left while the quotient being taken at right, one can
fear a problem of well definiteness in this expression. The following proposition
shows that all is right.

Proposition 1.9.
Definition (1.7) is independent of the representative g in the class w(g). In
other words,

(AARE) B bhercyy = TAA(R)Er brercs (1.8)
for all he H.

Proof. The metric on Q is the restriction of the Killing form of G (notice that
Q has no own Killing form for the simple reason that it is not a Lie algebra).
From Ad-invariance, we have in particular

B(Ad(h)X,Ad(h)Y) = B(X,Y)

for all h € SO(1,l —1). The point is that reducibility makes Ad(h)X € Q
when X € Q. The element Ad(hk)E; in the left hand side of equation (1.8)
being zero-normed in Q, it reads Ad(k")E; for some k¥’ € K. That proves the
inclusion in one sense. For the second inclusion, we have to find a k' € Ky
such that Ad(hk')E; = Ad(k)F;. Existence of such a k' follows from the fact
that Ad(h~1k)E; is a light-like vector of Q. O

1.2.2 Time orientation

A time orientation on Q is the choice of a vector T' such that (T'|T") > 0.
When such a choice is made, a vector v is future directed when (v|T) > 0.
In our case, the choice is the intuitive one: the vector gy defines the time

orientation on Q and v = (v°,v!,v2,v3) is future directed if and only if v° > 0.
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So a light-like future directed vector is always —up to a positive multiple— of
the form (1,7) with ||| = 1. For this reason, the set

{t Ad(k)E1 }=0 (1.9)
kesSO(3)

is exactly the set of light-like future-directed vectors of Q.

We are now able to define causality as follows. A point [g] € AdS; belongs
to the interior region if for every direction k € Kp, the future light ray l’[“g]
intersects the singularity within a finite time. In other words, it is interior when
the whole light cone ends up in the singularity. A point which is not interior
is said to be exterior. A particularly important set is the event horizon, or
simply horizon, defined as the boundary of the interior. When a space contains
a non trivial causal structure (i.e. when there exists a non empty horizon), we
say that the definition of singularity gives rise to a black hole. By extension,
the term “black hole” often refers to the set of interior points.

1.2.3 Some final remarks

Remember that we decree closed orbits to be singular. Now the fact for a point
7(g) € AdS; to be exterior is that there exists an non empty set O of Ky such
that Yk € O.

ﬂ(getAd(k)El) NS =¢.

The restriction of the Killing form to Q reads

B(qo,90) = Tr(qoq0) = —2, (1.10a)
B(gi,qi) = Tr(gi, qi) =2 for i > 1. (1.10Db)
So the norm on Q is |X| = —1B(X, X). The bi-invariance of the Killing form

and the fact that the decomposition G = Q@H is reductive imply | Ad(h)X || =
| X |, hence
Ad(H)|g € SO(Q). (1.11)

A question is to know the kernel of this inclusion: which h € H fulfill Ad(h)q; =
q; for all i ? The equation Ag; A~! = ¢; can be simplified (from a computational
point of view) using the relation A~! = nA'n which defines SO(1,n). It is a
somewhat long but easy computation to prove that A = +1 are the only two
solutions in SO(1,n) to the system A(g;n)A? = g¢n.

One can go further than inclusion (1.11) and prove the following

Proposition 1.10.
Let h € Hy seen as a matriz acting on RY'"! and let see Ad(h) as a matriz
acting on Q. In this case we have Ad(h);; = hij, in particular

Ad(Hy) = SO0(Q) (1.12)

where the index zero denotes the identity component.



1.3. OPEN AND CLOSED ORBITS 21

Proof. We will prove that for each unital vector X € Q, the element Ad(h)X
is a general element of norm 1 in Q when h runs over Hy. Explicit matrix
computation will show by the way the equality Ad(h);; = h;;. The general
product to be computed is

1 0 0 —wo wi --+\ 71 0
Wo
AdWX =1, h! w1 0 h

But we know that the result is a matrix of Q, so it is sufficient to compute the
first line. If we denote by ¢; the columns of h, we find

-1

Ad(M)X =) (w-c;)g;
1=0

where the dot denotes the inner product of RY 1. Since {c;} is a general

orthonormal basis of R1~!, the latter expression is a general vector of norm
1in Q. O

1.3 Open and closed orbits

1.3.1 Openness of orbits in homogeneous spaces

Proposition 1.11.
The orbits of AN are submanifolds of G/H.

Proof. Indeed proposition 4.4 in [24] (page 125) makes R/(R n H) the orbit
of (e) by R and assure us that it is a submanifold of G/H. That proves the
proposition for the orbit of e.

For the other orbits, we consider the group R, = Ad(z~!)R which is also a
Lie subgroup of G. The space R./(R, n H) is isomorphic to the orbit of 7(e)
under the action of R,. Therefore zR[z71] is a submanifold of G/H and the
very definition of a Lie group makes that R[z~!] is a submanifold too.

O

Let us start by computing the closed orbits of the actions of AN and AN
on AdS;. In order to see if [g] € AdS; belongs to a closed orbit of AN, we
“compare” the space spanned by the basis {dndLyq;} of T}, AdS; and the space
spanned by the fundamental vectors of the action. If these two spaces are equal,
then [g] belongs to an open orbit (because a submanifold is open if and only if
it has same dimension as the main manifold). That idea is precisely contained
in the following theorem which holds for any homogeneous space M = G/H.
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Theorem 1.12.
If R is a subgroup of G with Lie algebra R, then the orbit R- 9 is open in G/H
if and only if the projection pr: R — Q parallel to 'H is surjective.

The projection is defined by pr(X) = Xg if X = Xg + Xy is the decom-
position of X € G with respect to the decomposition G = H ® Q. We need two
lemmas before to prove the theorem.

Lemma 1.13.
The orbit R - ¥ is open if and only if

Span{Xi|X e R} = TyM
where X* is the fundamental field defined by equation (B.13).
Proof. From general theory of fundamental fields we know that
Span{Xj|X € G} = Ty M.

The game is now to prove that one can replace G by R if and only if R -1 is
open.

Necessary condition. If R -1 is open, we have a neighbourhood of ¥ which
is contained in R -¢. Then for any X € G, and for a small enough ¢, the
element e~ ‘X -9 belongs to R - 1. Hence we have a path rx(t) in R such that
e X9 =rx(t) -V

Al ], = gl

Since rx (t) is a path in R, we can replace it by a e™*¥ with a Y € R in the
derivative. For this Y, we have X} = Y .

Sufficient condition. ~ We have dim(R - ) = dimSpan{X} | X € R} =
dimTyM, so R - ¢ has the same dimension as M. The conclusion follows from

the fact that a submanifold is open if and only if it has maximal dimension.
O

Lemma 1.14.
The canonical projection is surjective from R to the tangent space to identity:

Span{X;|X € R} = dn.(R). (1.13)

Proof. Consider the following computation when X € R = T, R is given by the
path X (t) = 'X:

X = S]]

= [etX 19]15:0 — v} (1.14)

t=0 B dt



1.3. OPEN AND CLOSED ORBITS 23

with Y = —X. Reading these lines from left to right shows that dm.(R) € {X} :
X € R} while reading it from right to left shows the inverse inclusion.

Proof of theorem 1.12. From lemma 1.13 and lemma 1.14, the orbit R - 9 is
open if and only if dme: R — TyM is surjective. On the one hand any X € R
can uniquely be written as X = Xy + Xg with X3y € H and Xg € Q. On
the other hand it is clear that dm. Xy = 0, thus R - ¢ is open if and only if
dme: prg R — TyM is surjective.

Now, recall that dm. is surjective from G, hence it is surjective from Q. The
first conclusion is that if pr: R — Q is surjective, then R -9 is open. The
inverse implication remains to be proved.

We know that openness R - ¢ implies that dm.: pro R — TyM is bijective
(surjective because R -9 is open and injective because dm.: Q@ — TyM is
injective by proposition B.11). From all that, one concludes that pro R = Q.
Indeed, suppose that Xg € Q and Xg ¢ prgR. Since dme: prg R — TyM
is surjective, there exists a X5 € prg R such that dr.X§ = dn.X§. This is
impossible because dm. is injective from the whole Q.

O

1.3.2 Open orbits in anti de Sitter spaces

Now the strategy is to to check openness of the R-orbit of [g] by checking
openness of the Ad(g~!)R-orbit of ¥ using the theorem 1.12.

The problem is simplified by the following remark. We know that matrices
of K and H are given by

K~ (SO(2) SO(n))’ H~ (1 SO(l,n))’ (1.15)

so we obviously have

U man(sD= |J [ANsn] = | J[ANK] = [G].
seSO(2) seSO(2) keK
hesO(n)
This is nothing else than the fact that the AN-orbits are AN-invariant. So the
K part of [g] = ank alone fixes the orbit which contains [¢] and we have at
most one orbit for each element in SO(2). Computations using theorem 1.12
show that the R-orbits of [p] with

cosp  sinp
pw=|—sinpg cosp
1

is not open if and only if siny = 0. We will see later that they are actually
closed (page 26), so that the singularity is described as

7 = [AN (+Ts0(2)] | J[AN (£Ts0(2))]- (1.16)
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Because of AN-invariance of the AN-orbits, the equation of the AN-closed
orbits can be expressed as
sin p = 0. (1.17)

Notice that there are some differences between the two choices of Iwasawa
decompositions of subsections B.49 and B.61 in the determination of open
and closed orbits. In the “new” Iwasawa decomposition (the one which is
always used if not mentioned), up to matrices of H, a general matrix of R is
jJi1+mM + 1L + kJy. If we note x = m + 1,

0 x» k -z
R~ _]f (1.18)

—T

and it is obvious that the matrix ¢y can’t be obtained by combinations of such
matrices. So the R-orbit of ¥ is not open.

If we use the “old” Iwasawa decomposition, the result is completely different.
We have

N+M N+ M
o =pr< )a @ =prHs,  g2=pr (N— ), (1.19)

2 2

and other elements of Q are projections of the matrices V;’s. So we see that
the map pr: R — Q is surjective and the orbit R - is open.

1.3.3 Two other characterizations of the singularity

In this short section, we first give a coordinatewise characterization of the
singularity (which allows some brute force computations), and then we point
out that the vector field J; has vanishing norm on the singularity (see also
1.19). That should make the connection with the quotient construction of the
original BTZ black hole. Notice that we do not classify all vectors from which
vanishing of the norm define a singularity. The point is that one can make our
black hole “causally inextensible” by making a discrete quotient of AdS; along
the integral curves of J.

Proposition 1.15.

In term of the embedding of AdS; in R>'~1, the closed orbits of AN < SO(2,1—
1) are located at y —t = 0. Similarly, the closed orbits of AN correspond to
y+t=0. In other words, the equation

t*—y*=0 (1.20)

describes the singularity . = San U a5 -
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Proof. The different fundamental vector fields of the AN action can be com-
*

puted with the matricial relation X (o] = —Xg - 9. For example, in AdSs,

0 -1 0 1\ [fu —t+y
1 0 -1 0 t uUu—2x

ko
Mg=1o =1 o 1|z —t+y
1 0 -1 0 Y uU—2x

(y—t)0u + (u—2)0¢ + (y — )0y + (u — x)0y.
Full results are

Ji = —ydy —to, (1.21a)

Jy = —x0, — ud, ( )

M*=(y—t)0u + (u—2)0 + (y — )0z + (u — )0, (1.21c)

L* =(y—1t)0u + (u+2)0 + (t —y) 0y + (u + )0y ( )

W = —2;0s — 20y + (y — 1)0; ( )

)

Vj* = —:Cjau - :L'jam + (ZL' — u)aj (121f

with 4,5 = 3,...,1 — 1. First consider points satisfying ¢t —y = 0. It is clear
that, at these points, the [ vectors Jj*, M*, L* and W;* are linearly dependent.
Thus, there are at most [ — 1 linearly independent vectors amongst the 2(I —1)
vectors (1.21). We conclude that a point satisfying ¢ —y = 0 belongs to a closed
orbit of AN.

Now we show that a point with ¢ — y # 0 belongs to an open orbit of AN.
It is easy to see that Jj*, L* and M™ are three linearly independent vectors.
The vectors V;* gives us [ — 3 more. Then they span a [-dimensional space.

The same can be done with the closed orbits of AN. The result is that a
point belongs to a closed orbit of AN if and only if t 4+ = 0. O

This shows that in the three dimensional case, our black hole reduces to the
previously existing one.

The following corollary shows that a discrete quotient of AdS; along the
orbits of J* gives a direct higher-dimensional generalization of the non-rotating
BTZ black hole.

Corollary 1.16.
The singularity coincides with the set of points in AdS, where ||J}||*> = 0 for
the metric induced from the ambient space R>!~1.

Proof. The expression (1.21a) shows that the norm of J} is y? — ¢ which
vanishes on the singularity. O

In the three-dimensional case, it was shown in [5, 11] that the non-rotating
BTZ black hole singularity is precisely given by equation (1.20). Hence, the
following is a particular case of theorem 1.2:
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Corollary 1.17.
The non-rotating BTZ black hole is a causal symmetric solvable black hole.

1.3.4 Orbits and topology

Let D* = AN SO(n)SO(2)* where SO(2)% are the subgroups of SO(2) <
SO(2,n) with strictly positive (negative). We see SO(2) and SO(n) as sub-
groups of SO(2,n) in the way indicated by equation (1.15). Notice that the
parts SO(2) and SO(n) are commuting and that SO(n) ¢ H. The notation
—1Tgo(g) refers to the element of SO(2,n) which the identity as AN-component
and —1 as SO(2)-component.

A continuous path from [D*] to [D~] must pass trough an element of the
form [ANTgp(2)]. We saw that the AN-orbit of such an element is not open
while the AN-orbit of an element of [D*] is open. So we deduce that an orbit
passing trough [D*] does not intersects [D].

The set [D*] is connected in G/H and D™ being open in G, the set [D1] =
m(D%) is also open in G/H from the definition of the topology (see [24], chapter
I1, paragraph 4 and particularly the theorem 4.2). Now, the orbits of AN in
[D*] (who are all open) furnish an open partition of [D*]. Such a partition is
impossible for an open connected set. We deduce that [D*] is only one orbit
of AN in G/H. The same can be done with [D~].

We are left with the sets [AN] and [AN(—1g0(2))] whose union is closed
because we just saw that the complement is open. Now we prove that these
two sets are disjoint, in such a way that they have to be separately closed.
Existence of an intersection point between [AN] and [AN(—1gp(2))] would
lead to the existence of a h € H such that anlgoz) = (—Lgo(2))h, or

h = (=1so(2))an,

that is a non trivial K-component to h in the decomposition K AN, but the
only K-component in H is SO(n). Hence such a h does not exist and R[1] n

R[-1g0(2)] = @.
The conclusion is that the Iwasawa group AN has only four orbits :

[D*], [D7], [ANTg0(2)], [AN (=1g0(2))]- (1.22)

The two first are open and the other two are closed. Remark that an element
of [K] does not belongs to a closed orbit of AN or AN.

1.4 Horizons

1.4.1 Existence

We are now able to prove that definition 1.3 provides a non empty horizon as
expressed by the condition (1.2). First we consider points of the form SO(2) -9,
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which are parametrized by an angle p. Up to the choice of this parametrization,
a light-like geodesic trough u is given by

K emsAdBEL (1.23)

with £ € SO(I —1) and s € R. Using the isomorphism [g] — ¢ -9 between G/H
and AdS;, we find

cosp  sinp
—sinp  cosp

k
I

u](s) _ 7r(uetAd(k)El> _ i o5 Ad(k) By

—_
oS o oo

According to proposition 1.15, this geodesic reaches the singularity if ¢ (s)? —
yr(s)? = 0 for a certain (positive) s. Since Ad(k)E; is nilpotent, the compu-
tation of esA4(F)E1 jg simple and we only need the first column because it only
acts on the first basis vector. A short computation shows that

Cos (4 — Ssin y
—sin g — scos i

Ik (s) = swy . 1.24
[(8) s, (1.24)

We conclude that the geodesic reaches #4n and .7, 5 for values san and

s 45 of the affine parameter, given by

sin p sin
O 6, o = omH 1.25
AN COS 4 — W2 AN CoS [t + w2 ( )
where wy is the second component of the first column of k, see equation (1.4);
in particular —1 < wy < 1.

Since the part sin u = 0 is precisely .#4n, we may restrict ourselves to the
open connected domain of AdS; given by sinu > 0. More precisely, sin u = 0
is the equation of .“4n in the ANK decomposition. In the same way, .45
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is given by siny’ = 0 in the ANK decomposition. In order to escape the
singularity, the point [u] needs both sany and s,y to be strictly positive. It
is only possible to find directions (i.e. a parameter ws) which respects this
condition when cos g > 0. So the point

u=cospy =0 (1.26)

is one point of the horizon. Theorem 1.2 is now proved.

The following proposition contains some physical intuition about the nature
of the horizon.

Proposition 1.18.
A light-like geodesic which escapes the singularity (i.e. which does not intersect
) and which passes trough a point of the horizon is contained in the horizon.

Proof. Let = [g] be a point of the horizon and 7(get4?(*) 1) a light-like
geodesic escaping the singularity. Near from z, there exists a point y = [¢'] in
the black hole. From definition of a black hole, for all £ € SO(3) and ¢, € R¥,
points of the form 7(g’etoA4k)E1) also belong to the black hole. From conti-
nuity, in each neighbourhood of 7 (ge®oA4(*)E1) there is such a m(g’etoAd*) By,
This proves that m(ge®oA?*)F1) belongs to the closure of the black hole. But
it is not in the interior of the black hole because (by assumption) the given
geodesic escapes the singularity, so every point of the form w(get“ Ad(k)El) be-

longs to the horizon.

Let us consider the point of the horizon that we know (the one given by
(1.26)), and see how can that point hope to escape the singularity. Equations
(1.25) which give the time needed to fall into the singularity become

1 1
t = tag = ——. 1.27
AN W AN ws ( )

So for every we # 0, this point reaches the singularity within a finite time.
Taking the direction wy = 0 the point is able to reject his fall to infinity. This
agrees to physical intuition which is that the horizon corresponds to points that
fall into the singularity within an infinite time.

1.4.2 Characterization

Let D[g] be the set of light-like directions (vectors in SO(n)) for which the

point [g] falls into .4 . Similarly, the set D[g] is the one of directions which
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fall into %, 5. One can express D in terms of D:

Dlg] = {k € SO
= {k e SO
= {k e SO
= {k e SO

| 3¢ for which w(getAd(k)El) € unt

| 3t for which 7(0(g)0(e" )1 F1)) € Fan}
| m(k) € D(0[q])}

| ke (D(0[g]) )

n

n

n

—~ Y~ o~
—_— — — ~—

n

So
Dlg] = (DO[g])e (1.28)
where by definition, ky = Jk with J being defined by 0 = Ad(J) (0 is the
Cartan involution). It is easy to see that 6 changes the sign of the spacial part
of k, i.e. changes w; — —w;.
A main property of kg is

O(Ad(K)EL) = Ad(ke)Er.

Since kg only appears in the expression Ad(k)E;, that property is actually a
sufficient characterization of ky for our purpose. In particular, kgp # k, but
Ad(kge)Er = Ad(K)E;.

How to express the condition g € 4 in terms of D[g] ? The condition
to belong to the black hole is D[g] U D[g] = SO(n). If the complementary of
D[g]uD[g] has an interior (i.e. if it contains an open subset), then by continuity
the complementary D[g'] U D[g'] has also an interior for all [¢'] near from [g].
In this case, [¢g] cannot belong to the horizon. So a characterization of ¢ is the
fact that the boundary of D[g] and D[g] coincide. Equation (1.28) expresses
this condition under the form

Fr D[g] = Fr (D(G[g]))e, (1.29)

from which one immediately deduces that J# is #-invariant.
We have an expression of D[u] for p € SO(2) by examining equations (1.25).
The set D[u] is the set of wg € [—1,1] such that cos u + we > 0:

D[] =] — cos p, 1]. (1.30)
So in order for p to belong to J#, the point [©] must satisfy
D[u] = D[0uls =] — 1, —cos ul.

Consequently, if i/ is the K-component of 6y in the ANK decomposition, we
impose | —cos y/, 1[= D[0u] ;] —cos ', 1], and we can describe the horizon by

cos it = — cos i’ (1.31)

where ' is the K-component of x in the ANK decomposition.
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1.5 Simple example on AdS,

As is appendix B.8.1, we see AdS; as Ad(G)H. From definition 1.3, the singu-

larity is the closed orbits of AN and AN for the adjoint action on AdSs, and
the notion of fundamental field is

d

H* =&

Toodt

A basis of the Lie algebra A ® N is given by {E, H}. So z will belong to

a closed orbit if and only if EX A HY =0. lf we put © =2y H +2gFE +xpF,

the computation is

[Ad(e’tH)z]t:O = —[H,z]. (1.32)

EX¥ANH} =[BE,x) A [H,z] = 4xyrp(E A F) +2zpep(H A E) — 225 (H A F).

It is zero if and only if zr = 0. The closed orbit of AN is given by the same
computation with H* A F¥. The part of these orbits contained in AdSs is the
one with norm 8:
2 !
B(z,z) = 8(z3 + xpxr) = 8.

In both cases, it imposes x = +1, and the closed orbits in AdSs are given by

San =+H + A\E (1.33a)
San = TH + A\F, (1.33Db)

with A € R. The singularity is then the union Zan U .%, 5 of four lines in the
hyperboloid.

Proposition 1.19.
The singularity can equivalently be described as

& ={x e Ad(G)H | |H}| = 0}, (1.34)
which has to be compared with corollary 1.16.
Proof. The condition (1.34) on x reads
B([H,z],[H,z]) = 0. (1.35)

The most general? element z in sl(2,R) is x = 2o H + 2y E + xrF. We have
[z, H] = =22y FE+2xpF, so that the condition (1.35) becomes yzp = 0. The
two possibilities are x = x4 H + xnyE and © = x4 H + xp F. The singularity in
s[(2,R) is composed of the planes (H, F') and (H, E). The intersection between
the plane (H, F') and the hyperboloid is given by the equation

B(aH + bF,aH + bF) = 8

41t is actually more than the most general element to be considered because our space is
Ad(G)H, which is only a part of sl(2, R).
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whose solutions are ¢ = +1. The same is also true for the plane (H, E). So we
find that the set (1.34) is exactly the four lines (1.33).
O

One can check that light cone of a given point of the hyperboloid is given
by the two straight lines trough the point; so it automatically intersects the
singularity. As conclusion, every point of AdSs belong to the black hole. For
this reason we say that there is no black hole in the two dimensional case
because the inclusions (1.2) are in fact equalities. .

1.6 Conclusions and perspectives

Higher-dimensional generalizations of the BTZ construction have been stud-
ied in the physics’ literature, by classifying the one-parameter subgroups of
Iso(AdS)) = SO(2,1 — 1), see [2, 3, 6, 22, 26, 32]. Nevertheless, the approach
we adopt here is conceptually different. We first reinterpret the non-rotating
BTZ black hole solution using symmetric spaces techniques and present an
alternative way to express its singularity. We saw the latter as the union of
the closed orbits of Iwasawa subgroups of the isometry group. As shown, this
construction extends straightforwardly to higher dimensional cases, allowing to
build a non trivial black hole on anti de Sitter spaces of arbitrary dimension
I > 3. From this point of view, all anti de Sitter spaces of dimension [ > 3
appear on an equal footing.

A natural question arising from this analysis is the following: given a
semisimple symmetric space, when does the set of closed orbits of the Twasawa
subgroups of the isometry group, seen as singularity, define a non-trivial causal
structure ¢ We answered this question in the case of anti de Sitter spaces, using
techniques allowing in principle for generalization to any semisimple symmetric
space.

We also proved that performing a discrete quotient along the orbits of Jy
makes the resulting space causally inextensible (closed space-like curves appear
in the singular part of the space), but we did not address questions like: are
there other vector fields defining singularities (in the three dimensional case,
we know that the answer is positive) ? Can we identify a mass and an angular
momentum from these hypothetic vectors ? Are all BTZ black holes obtainable
in this way in higher dimensions ?
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Chapter 2

Deformation of anti de
Sitter spaces

Abstract

We are now going to apply deformation theory to the physical part
of the AdSy black hole. The first idea was to deform the AN of SO(2,1—
1) and to deform AdS; by action of this group (see section A.4 for an
introduction to deformation by group action). We show in section 3.2
that this procedure is possible.

Instead of that, we will only deform an open orbit of AN in the
four dimensional case'. There are two reasons for that. First a physical
domain of the black hole is contained in an open orbit of AN; and second
it reveals possible to deform such a domain by action of a four dimensional
group. Deforming a four dimensional space by a four dimensional group
instead of a six dimensional one is a matter of “no waste” of dimensions.

The main lines of the construction are the following:

¢ We pick an open orbit U of AN in AdS4, and we select a point
[u] eU.

e We compute the stabilizer S of [u] in AN, in such a way that,
as homogeneous space, Y = AN/S. We consider the “remaining
group” R’ of R when one removes S from R.

o We prove that R’ acts freely and transitively on U, so that U is
globally of group type (definition 2.1).

o It turns out that R’ does not accept any symplectic structure; hence
we will search for other groups acting transitively on U, and show
that one and only one of them accepts a symplectic structure.

e The latter group turns out to be a split extension of an Heisenberg
group (see appendix A.5) for which we know a deformation.

1But the structure of algebra (B.59), promises easy higher dimension generalisation.

33
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2.1 Group structure on the open orbits

2.1.1 Global structure

The following definition formalises the idea for a manifold to be “like a group”.
We will prove that the physical domain of our anti de Sitter black hole is of
this type.

Definition 2.1.

A m-dimensional homogeneous space M is locally of (symplectic) group
type if there exists a Lie (symplectic) subgroup R of the group of automorphisms
of M which acts freely on one of its orbits in M. The homogeneous space is
globally of group type if R has only one orbit. In this case, for every choice
of a base point ¥ in M, the map R — M : g — g.9 is a diffeomorphism.

Lie groups are themselves examples of symmetric spaces (globally) of group
type. In the symplectic situation, however, a symplectic symmetric Lie group
must be abelian ([3], page 12). We will see in what follows other non-abelian
examples.

In the context of our anti de Sitter black hole (in particular when one has
causal issues in mind), it is not important to deform the whole space but it is
sufficient? to only deform one open orbit of AN. Indeed, if an observer begins
his life somewhere in the physical space (hence in an open orbit of AN), he will
never exit the orbit because one open orbit of AN is bounded by closed orbit
of AN which are singular.

Let us recall that the solvable part of the Iwasawa decomposition of so(2, 3)
may be realized with a nilpotent part A" and an abelian one A with elements

A={J1,J2} NZ{WV,M,L} (21&)

and the commutator table

[V, W] =M [V,L] =2W (2.2a)
[, W] =W [, V] =V (2.2b)
[Ji,L] =L [J2,L] = —L (2.2¢)
[y, M] =M [Jo, M] = M, (2.2d)

where we know that that W, J; € H, and Js € Q. We pick the point

0 1
[u]zl -1 0 ]
T3x3

2We will however point out in the perspectives (section 1.6) that a quantization of the
whole space has a real interest.
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This is an element of K which, as already mentioned in page 26, therefore does
not belong to a closed orbit of AN, neither to a one of AN. Hence [u] lies in
the physical part of AdS,. We denote by U the AN-orbit of [u].

Elements of the stabilizer of [u] in SO(2, 3) are elements r such that r-[u] =
[u], i.e. elements for which there exists h in H such that ru = uh. It is easy
to check that r; = €22 and ry = €V are solutions by noticing that the action
of u~r;u leaves unchanged the first basis vector?.

The stabilizer cannot contain more than two generators because an open
orbit must be four dimensional. The stabilizer of [u] in G = SO(2,3) is thus
the group generated by e®’2 and e®V plus eventually a discrete set making S
non connected. The group S is in fact connected because

S={reR|r-[ul=[u]}={re R|Ad(u"")re H}. (2.3)
Since R is an exponential group, we have S = exp S where
S={XeR|Ad(u)X e H} = Ad(u)H.

The set S being connected (because it is the image by a continuous map of the
connected set H), S is connected too.

The open orbit that we are studying is thus realised as the homogeneous
space Y = AN/S. An important result is the fact that what we obtain by
simply removing Jo and V from the table (2.2) is still an algebra. The orbit
U is therefore isomorphic to the group R’ generated by the Lie algebra R’ =
{J1,W, M, L}. The table of R’ is

[J1,W]=-W (2.4a)
[J1,L] =L (2.4b)
[J1,M] = M. (2.4c)

From construction, R’ n S = {e}. Unfortunately, using the conditions (B.83),
we find that in order to be compatible with the Lie algebra structure, the form
w of the algebra must satisty w(W, M) = w(W, L) = w(M, L) = 0, so that it is
degenerate. The action of R’ on U enjoys however some remarkable properties.

Proposition 2.2.
The action

R xU->U

rlrou] = [rrou] (25)

is free and simply transitive.

3We give in a complement a more intrinsic way to prove that result, see page 41.
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Proof. First, we prove that the action of R’ is transitive. As an algebra, R is
a split extension R = & @.q R’. Hence, as group, R = SR/, or equivalently
R = R'S. That proves that the action is transitive.

If the action is not simply transitive, there exists x € U and r, ' € R’ such
that 7.2 = 7»x. Since the action of R’ is transitive, we have a 1 € R’ such that
x = r1[u]. In this case, the element 7, 'r~17" of R’ fixes [u], but R’ n S = {e}.
Then one deduces that r' = rrq, so that [rriu] = [r'riu] = [rriu]. It follows
that r fixes [u], and thus that r; = e, so that r = ’.

For freeness remark that, in a neighbourhood of e, the neutral e itself is the

only element trivially acting on [u].
O

As corollary, the orbit U is locally of group type R’.

Proposition 2.3.
The orbit U is simply connected.

Proof. The fibration S — R — U induces the long exact sequence of cohomol-
ogy groups

H°U) - H°(R) - H°(S) - H'(U) - H'(R) — ...

The group R being connected and simply connected, the sequence shows that
HO(S) ~ HY(U), but we already mentioned that S is connected, so H*(U) = 0.

O
Corollary 2.4.
The open orbit U is globally of group type.
Proof. 1t is immediately apparent from proof of proposition 2.2. Since
R'[u] = R'S[u] = R[u] = U,
the group R’ acts freely on U and has only one orbit. O

Remark that it remains to be proved that i is globally of symplectic group
type. For that, there should be a symplectic form on R’. Exploiting the fact
that Span{W, M, L} is a three-dimensional abelian subalgebra of R', it is easy
to see that R’ does not accepts a symplectic form. Hence corollary 2.4 does not
proves that U is globally of symplectic group type. The lack of symplectic form
on the algebra reflects on U as manifold by the following lemma, and motivates
the search for other four-dimensional groups than R’ acting transitively on U.

Lemma 2.5.
The open orbit U = R - [u] does not admit any R-invariant symplectic form.
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Proof. Let w" be such an invariant symplectic form and w® be the pull-back
of wY by the action: w® = 7*wY. We have dr o dL,» = dL,s o dT because
T(r' X (t)) = [P X (t)u] = r'7(X(t)), thus

LEwE = (10 L)t = (L o 7)* w(U) = wF,

so that w® is a R'-invariant symplectic form on R’. But we saw that such a
form does not exist. O

Proposition 2.6.

The R-homogeneous space U admits a unique structure of globally group type
symplectic symmetric space. The latter is isomorphic to (Ro,w, s) described in
appendix A.5.5.

The next few pages are dedicated to prove this proposition and to give ex-
plicit algebra whose group gives the answer. We are searching for 4-dimensional
groups R which

« has a free and simply transitive action on U, i.e. R[u] = R[u],
o admits a symplectic structure,

and we want it to be unique. As already mentioned, the algebra R’ fails to fulfil
the symplectic condition. The algebra R = Span{A, B, C, D} of a group which
fulfils the first condition must at least act transitively on a small neighbourhood
of [u] and thus be of the form

A=J +alJy+dV (2.6a)
B=W +bJy+ bV (2.6b)
C=M+cl+V (2.6¢)
D=L+dJ,+dV. (2.6d)

Indeed, in a first attempt, we choose an algebra for which each of A, B, C
and D contains a combination of J;, W, M and L. We consider the matrix
of coefficients of J1, W, M and L in A, B, C' and D. If the determinant
of this matrix is zero, then one of the lines can be written as combination of
the three others. In this case the action can even not be locally transitive
because the algebra only spans three directions actually acting (Jo and V have
no importance here). So the determinant is non vanishing. In this case, the
inverse of this matrix is a change of basis which puts A, B, C' and D under the
form (2.6).

The problem is now to fix the parameters a,a’,b,b',c,c,d,d" in such a
way that Span{A, B,C, D} becomes a Lie algebra (i.e. it closes under the Lie
bracket) which admits a symplectic structure and whose group acts transitively
on U. We will begin by proving that the surjectivity condition imposes b = ¢ =
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d = 0. Then the remaining conditions for R to be an algebra are easy to solve
by hand.

First, remark that A acts on the algebra Span{B,C, D} because J; does
not appears in [R,R]. Hence we can write R = RA @aq Span{B, C, D} and,
a subalgebra of a solvable exponential Lie algebra being a solvable exponential
algebra, a general element of the group R reads 7(a, 3,7, ) = e*AefB+1C+0D,
Our strategy will be to split this expression in order to get a product SR’
(which is equivalent to a product R'S). As Lie algebra, Span{B,C,D} c
RJo@aa{W, M, L, V}. Hence there exist functions w, m, I, v and x of (a, 3,7, )

such that
eﬁB+'yC+6D _ engewW+m]\/I+lL+UV. (27)

We are now going to determine I(«, 3,7, d) and study the conditions needed in
order for [ to be surjective on R. Since J, does not appear in any commutator,
the Campbell-Baker-Hausdorff formula yields z = b + v¢ + dd. From the
fact that [Jo, L] = —L, we see that the coeflicient of L in the left hand side
of (2.7) is —=I(1 — e~*)/x. The V-component in the exponential can also get
out without changing the coefficient of L. We are left with 7(a, 3,7,0) =
eAerT2yV ew' WHm/M+IL where 4y and m/ are complicated functions of (3,7, 8)
and [ is given by

_ —0(Bb + e+ 6d)

which is only surjective when b = ¢ = d = 0. Taking the inverse, a general
element of R[u] reads [emwW=—mM=IMeirJiy] where the range of [ is not the
whole R. Since the action of R’ is simply transitive, R is not surjective on R[u]
when [(a, 7, d) is not surjective on R.

When b = ¢ = d = 0, the conditions for (2.6) to be an algebra are easy to
solve, leaving only two a priori possible two-parameter families of algebras.

1. The first one is the following:

1
A=J1+§J2+SV [A,B] = B+ sC
3
B=W [A,C] = 50
1
C=M [A,D]=2SB+§D
D=L+rV [B,D] = —rC.
with r # 0. The general symplectic form on that algebra is given by
0 —a - —v
a 0 0
= 3
w1 3 0 0 L (2.10)
vy =20 0
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267“2
detw = | —
et (3)

Conditions: g # 0, r # 0. That algebra will be denoted by R;. The
analytic subgroup of R whose Lie algebra is R is denoted by R;. One
can eliminate the two parameters in algebra R; by the isomorphism

1 0 0 0
0 1 0 4s

¢ = 0 2sr 1/r 4s%/r (2.11)
0 0 0 1

which fixes s = 0 and r = 1. The algebra R; is thus isomorphic to

[A,B]=B [AC] =gc
. (2.12)
[4.D]= 3D [B,D]=~C.

Comparing with equation (A.92), one recognizes the one-dimensional ex-
tension of Heisenberg algebra with parameters d = 3/4, p = 0 and

X = (é 192). Hence R; is isomorphic to Ry and, by the way, we

have a product on that group (see appendix A.5).

2. The second algebra whose group acts simply transitively on i/ is:

A=J +rJy+ sV [A,B] = B+ sC
B=W [A,C] = (r+1)C
C=M [A,D] =2sB+ (1 —r)D.
D=L

There is no way to get a nondegenerate symplectic form on that algebra.

From proposition A.22, the symplectic structure to be chosen on R; is 6C*

and lemma A.29 shows that we are able to quantize* R, with any symplectic
form in the coadjoint orbit 5(0* o Ad(g)) with g € R;. The coadjoint adjoint
action of Ry on Ry can be computed using the fact that R; splits into four

4by opposition to deform: there are no symplectic condition in deformation.
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parts; the non trivial results are

d

AMJQ®=A—§D Ad(e**)B = "B
AM&%A=A—%C Ad(e*)C = 32 C
Ad(e*B)D = D —bC Ad(e®*)D = %D

Ad(e*P)D = D —bC.
Direct computations show that

Ad (eaAebBeCCedD) (xaA+ 2B+ 2cC + 2pD)
=xaA+e*(xp —1ab)B

bd.
+ ega/2<zc — 3x2Ac —bxp + ;A)C’

(2.13)
so that, with more compact notations,

bdx A

3xac—brp + 5 )63“/2 (2.14)

2

(C* ) Ad(g))(X) = (:cc —

and the symplectic forms that we are able to deform are given by § (C * oAd(g)).
It provides a two-parameter familly of symplectic forms

0 0 B Y
0 0 0 —28/3
9 _
wi = 3 0 0 0 , (2.15)

-y 28/3 0 0
4 4

detwf{ = i
9

It turns out that the action of the group R; has good properties that are
given in the following proposition.

Proposition 2.7.
The action of Ry on U is free and simply transitive.

Proof. First remark that the algebra R can be written as a split extension:

Ri1 =RA®aq RD @aq Span{B, C},
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hence a general element of R; reads
r1(a, b, c,d) = e*AedPetWecM, (2.16)

The work is now to expand it by replacing A, B, C, D by their values in
function of Jy, W, M, L, J> and V, and then to try to put all elements of S
on the left. This is done by virtue of Campbell-Baker-Hausdorff formula. The
fact that Span{W, M, N, V'} is nilpotent dramatically reduces the difficulty. We
have

1 1
In(e®VedlewWemMy — qrV 4+ dL + (d*r + w)W + (gd2r2 +m+ §drw)M.
One can find m and w (functions of d) such that the right hand side reduces

to drV + dL. Hence we have, for some auxiliary functions w and m,

edTV+dL _ edrvedLew(d)Wem(d)]\/f
and a general element of R; reads
p0sV+E T2 drV oy edLe(w(d)+b)W€(m(d)+c)M — s(a,d)(a,bed)  (2.17)

with s € S and ' € R’ which defines a bijective map r; — 7’ from R; to R'.
This proves the transitivity of the action of R;.

For freeness, just remark that in a neighbourhood of e, no element of R;
(but e) leaves [u] unchanged. O

The conclusion is that R; is the group R that we were searching for and
that it is unique (up to the two-parameter isomorphism (2.11)) as symplectic
subgroup of AN acting transitively on . It concludes the proof of proposition
2.6.

2.1.2 Alternative more intrinsic proofs

Proposition 2.8.

Let J € Z(K) whose associated conjugation coincides with the Cartan involu-
tion: Ad(J) =0 and u e SO(2,1 — 1) such that u> = J and u € e2 n K. Then
the AN -orbit of [u] is open.

Proof. Let us find the Lie algebra S of the stabilizer S of [u]. First, the Cartan
involution X — —X? is implemented as Ad(J) with

—lax2
J =
( ]13x3>
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which satisfies u? = J and o(u) = u~! because u € Q. Now, Ad(u~')r € H if
and only if U(Ad(ufl)r) = Ad(u!)r. Using the fact that o is an involutive
automorphism, we see that this condition is equivalent to

Oor =r. (2.18)

On the one hand the Cartan involution 6 restricts on A to 8|4 = —id
because A < P; and on the other hand, o(A) = A because J; € H and Js € Q.
So o splits A into two parts: A = AT @ A~ with AT = AnH = RJ; and
A" =AnQ =RJ,. Let 51,02 € A* be the dual basis: 5;(J;) = d;;. We know
that W e Gg,, V € Gg,, L € Gg,_3,, and M € Gg,13,. The set of simple roots
is given by

A ={a= 01— 02, B =0},

and the positive roots are
oF = {a,f,a+B,a+28},
in terms of whose, the space N is given by

W e Gatp Vegs
Le ga Me ga+2ﬁ-

Since (O’*ﬁ)(hljl + thQ) = ﬁg(hljl — h2J2) = —hsy, we find we find

0*5 =5

c*a=a+20
c*(a+pB)=a+p
c*(a+28) =a.

We are now able to identify the set S = {X € A@N | 00X = X}. Let us take
XeR=A®N and apply ob:

X=X"+X"+Xo+Xs+ Xa1s+ Xat2s
0X = X" =X +Y o +Y s+ Y g4+ Y (018 + Y_(ar2s),  (2.19)
X = Xt + X"+ Z,(GHLQ[}) +Zg + Z,(GHLQ) +7Z_4

where X, Y, and Z, denote elements of G,, and X * denote the component
AT of X.

It is immediately apparent that 06X~ = X, so that X~ € §. The only
other component common to X and 60X is in Gg, but it is a priori not clear
that X3 = Zg. We know however that 6V = aV because Gg has only one di-
mension. Using the fact that o and 6 are commuting involutions, it is apparent
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that a = +1. Decomposing V into V = Vi, + Vg, we have 0oV = 6(V3 + Vo)
which has to be equal to V or —V. Thus there are only two possibilities

OV = Vi or OV = —Vy
Vo = —Vo Vo = Vo.

If one compares the commutator table of SO(2, 3) with the one of SO(2,2), one
sees that V' is not present in SO(2,2). Since H possesses every purely spatial
rotation generators, the orthogonal complement Q contains the time-time ro-
tation as only rotations. Other components of Q are boost. In particular, Vg
is zero or a boost generator. In the latter case, Vg = —Vyg, and the conclusion
is that 00V = V. In the other case, Vg = 0 implies that V € H which is
impossible because [Jz, V] = 0 while J; € Q and [Q,H] < Q.
The stabilizer S is thus generated by J> and Gg = RV, i.e.

S = Span{Jy, V}. (2.20)

The stabilizer of [u] being two-dimensional, the orbit of [u] is four-dimensional
and is then open in AdSy.
O

Notice that in contrast to the first way to find S, this time we have no
eventually double covering problems.

Let R be a subgroup of R whose Lie algebra is a complement of S in R,
ie. R®S = R. This group does not act transitively on ¢/ if and only if the
boundary of R[u] is non empty. Let zo = Tt [u] belong to that boundary with

ry € R’. On that point, the fundamental fields of R are not surjective on the
tangent space of U:

ker [R — Ty U] # {0}
Y > YrE.
o
Let Y € R belongs to this kernel: Y = 0. Since the linear map (dr,/—1) , Is
0 x

nondegenerate, Y, vanishes if and only if (dTT(I)—l)mo (YE) =0, but

*

dr ,_ _
(dTT(I)—l)zo(Y;;) = —%[7’6 letyré[u]]tzo = (Ad(r6 1)Y) (4]
=prg (Ad(rg ")Y)

(2.21)

because, on the point [u], the action to take the fundamental field is nothing
else than the projection parallel to S. Hence the group R is not surjective if
and only if

(Ad(R")S) n R # {0}.
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We are now going to determine Ad(R')S. Let X = X~ + Xg € S and act with
an element of R’ = exp (A+ DGa DGt ® ga+2ﬁ):

Ad(eH++Ya+Ya+g+Ya+2a)(X— +X5) =X +X5
+ [H" + Yo + Yasg + Yasos, X~ + Xg]

N
1
+ S [HT + Yo +Yars + Yaras, N]
The computation of N’ is as follows:

[HT, X ]=0 [H',X5] =0
Yo, X7] = —a(X7)Y, Yo, Xp] = Zaip
[Ya+ﬁaX7] =—(a+ 5)(X7)Ya+ﬁ =0 [Ya+ﬁ7Xﬁ] = Za+28

[Yoz+2ﬁa X_] = —(a + 25)(X_) ;+2B [Ya+2BaXﬁ] =0,

s0 N' = —a(X 7)o + Zotp — Zav2p — (a0 +2B)(X7)Z],,95. Since B(HT) =
0, the computation of [HT, N'], produces terms like [H*, X,15] = (a +
B)YHY)Xot+p = a(H")X4+p. Therefore, [HT,N'] = a(HT)N' and

. B 1

Ad(e™ )X~ + Xp) =X +N'+ )] ma(m)kzv'
k=1 ’

eo(H) 1 ,

al(HY)

(2.22)

What we have proven is the following result.

Proposition 2.9. ~
The group R acts transitively on U if and only if the Lie algebra R does not
contains elements of the form

oz(H+ -1

(&

X+—— "N
M0

with X € S and Y € R'; the element N’ being given by
N'=—a(X")Ya + Zarp = Zavap — (@ +28)(X ) Z[, 155

where X = X~ 4+ Xp is the decomposition of an element of S and Z, are
elements of their respective root spaces G, .
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One can distinguish three case: the first is X = X~ € A7, the second is
X = X3 €Gs and the last one is X = X~ + Xp (X~ #0# Xp).
In the first case, formula (2.22) forbids R to contains elements of the form

X~ 4 Go @asas - (2.23)

The second case forbids elements of the form

Xﬁ + ga+ﬁ @® ga+2ﬁa (224)
and the third case forbids

X~ + Xﬁ @ga @ga+ﬁ @ga+2ﬁ- (225)

We can extract constraints on the coefficients of algebra (2.6) from that anal-
ysis. The third interdiction makes that a linear combination of J2 and V' in an
element of R can only occur in A, so that

bt =cc’ =dd =0.

The second interdiction says that B and C' cannot contain V alone, so b’ =
¢’ = 0. Finally, the first condition imposes ¢ = d = 0 because C' and D cannot
contain J; alone. The remaining constraints for (2.6) to be an algebra are easy
to solve by hand. The results are the same two algebras as previously found.

2.1.3 Local group structure

We saw in proposition 2.7 that the open orbit U can be identified with the
group generated by the algebra {J1, W, M, L}.

We want to find an algebra (whose group is) acting transitively on a neigh-
bourhood of [u] in the AN orbit of [u] and which admits a symplectic form.
Let A, B,C, D be a basis of this algebra. For local transitivity, each of them
must contains at least one of Jy, W, M and L. As in the previous case, the
most general algebra to be studied is

A=J+aJy +dV (2.26a)
B=W +bJy+bV (2.26Db)
C=M+cl+V (2.26¢)
D=M+dJy+dV. (2.26d)

Among such algebras, we will have to check surjectivity of the action and the
possibility to endow with a symplectic form.

If we impose that Span{A, B, C, D} is a subalgebra for the bracket inherited
from s0(2,3), we find a lot of conditions on the coefficients a, b, ¢, d, a’, ¥, ¢
and d'. If, for example, we look at [A, B], we find

[A,B] =W +d'M + ab'V — a'bV.
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In this combination, the coefficient of W is 1 and the one of M is a’, so the
only possibility is [4, B] = B + o/C. This leads to the following conditions
(equating coefficients of J; and V):

b+ac=0 (2.27a)
b +dd =ab —adb. (2.27b)

Proceeding in a similar way for the six different commutators, we find:
For [A, C]

ac —d'c=(a+1) (2.27¢)
(a+1)c=0, (2.27d)

for [A, D]
(1-—a)d+2a'b=0 (2.27e)
ad —a'd =2d'b' + (1 —a)d, (2.27f)

for [B,C]
(b—c)e=0 (2.27g)
(b— ) =b —¥e, (2.27h)

for [B, D]
—d'c+2b'b—bd =0 (2.27i)
—d'd —bd +2(b')* = bd —b'd, (2.275)

for [C, D]
cd = b (2.27k)
cd = 'b. (2.271)

Solutions of these equations®, parametrized by reals » and s and the corre-
sponding commutators are listed below.

The next step is to determine which of these algebras admit a compati-
ble symplectic structure. For this, we just have to consider a general skew-
symmetric matrix
0 —a =6 —v
a 0 -0 -0
6 0 0 —e
Yy o € 0

w =

5from now until the determination of symplectic forms, all results are computed by Max-
ima [1].
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and, for each algebra, solve the four constrains. In the first algebra (see below),
we find for example

!
=0,

wi([A, B],C) + w1 ([B,C), A) + w1 ([C, A], B) = _M

so that wy(C, B) = 0. Full results are listed below (the symplectic matrices
are written in the basis {4, B,C, D}). We see in particular that most of the
solutions reduce to the canonical algebra, R. given by

[a,b] = b [a,c] = 2¢ [e,d] = c.

1. As first solution, we find of course the same algebra R as the one of page
38.

2. The second solution is also the same as the previously found one.

3. The third solution is

A=J+ Jy +sV [A,B]=B+SC
B=W-2V [4,C] = 2C
C=M [A, D] = 2sB
D=L+rJ [B,D]Z—TB
[Ca D] _ch
0 —a - =
o 0 0 Brs—2ar
w = 3 0 0 é , (2.28)
y  —Brs=Zar _% 0
B 547'282 aﬁ3r2s 042527“2
detw = 1 5 + 1

Conditions: 7 # 0, 8 # 0 and « # Or. The map ¢3: R3 — R,

1 0 0 r
o 125 0 1
s = 0 s 1 2
0 0 0 r

(det ¢3 = r/2s) provides an isomorphism between R3 and the canonical
algebra.
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4. The fourth solution is

A=Jy+Jy+sV [A,B]—B+SC
B=W [A,C] =2C
C=M [A,D] = 2sB
D=L+rJy+rsV [B,D] = —rsC
[C,D] = —rC,
0 —-a -8 =
a 0 0o
= 2.2
v -5 -5 0
84252 aBPr?s  a2B%?
detw = —
et w 1 5 + 1
Conditions: 7 # 0, 8 # 0 and « # Os. The map ¢4: Ry — R,
20 0 —r
ba = 0 1 1/s rs
T lo 1 0 2rs
30 0 -—r
(det ¢4 = —r/s) provides an isomorphism between R4 and the canonical
algebra.
5. The fifth solution is
A=J1—Ja+sV [A,B] = B+ sC
B =W —rsJy + 75V [A, D] =2sB +2D
C=M-+rJy—rsV [B,D] = 2rs’B +rs*C + rsD
D=L+7rs?Jy—rs’V [C,D] = —2rsB — rs*C —rD,
0 — _6 Brs®+2ars+2e
« 0 0 ers
w= 3 0 0 e (2.30)
_Br52+2rars+25 . € 0
detw = f%e?s% + 2a8e%s + a’e?, (2.31)
Conditions: 7 # 0, € # 0, @ # —(3s. The map ¢5: R5 — R,

1 0 0 O
0 1 0 2s
%5=10 0 0 -1
0 —rs r rs?

(2.32)



2.1. GROUP STRUCTURE ON THE OPEN ORBITS 49

(det o5 = r) provides an isomorphism between R5 and the canonical
algebra.

6. The sixth solution is

A=J1+ J2 [A,B]=B
B=W [A,C] =2C
cC=M [C, D] = —rC,
D=L+rJy
0 —a -6 —v
a 0 0 0
w=135 o 0 % , (2.33)
vy 0 =& o0
2
detw = (%67) , (2.34)
Conditions: a # 0, 8 # 0 and r # 0. This algebra is isomorphic to the

next one.

7. The seventh solution is

A=J1—Js [A,B] =B
B=W [A,D]=2D
C=M+rJs [C,D] = —rD,
D=L
0 —a -8 —
a 0 0 0
¥y 0 =% 0
detw = + (%) , (2.36)
and the conditions are a # 0, v # 0, » # 0. The map ¢7: Ry — R,
10 00
01 00
=10 0 0 1
00 r O
(det 7 = —r) provides an isomorphism between R; and the canonical

algebra.

All these algebras are solvable of order two (the commutators of commutators
vanish) — but not nilpotent.
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2.2 Isospectral deformations of M

In this section, we present a modified version of the oscillatory integral product
(A.101) leading to a left-invariant associative algebra structure on the space
of square integrable functions on Ryg. Why is it better that the initial prod-
uct defined over smooth compactly supported functions ? The motivation of
considering the square integrable functions is the fact that the spectral triple
defined in non commutative geometry contains the space of square integrable
spinors (see the book [19]). The fact to stabilize the space of square inte-
grable functions is then an indispensable step in order to put our results in the
framework of spectral geometry.

Theorem 2.10.
Let u and v be smooth compactly supported functions on Ry. Define the follow-
ing three-point functions:

S :=Sv(cosh(a1 — ag)xo, cosh(ag — ag)xy, cosh(ag — al)xg)

— P sinh (2(ap — a1)) 22; (2.37)
0,1,2

and
A= [cosh (2(a1 — az)) cosh(2(az — ap)) cosh(2(ag — a1))

[ cosh(a; — a2) cosh(as — ag) cosh(ag — al)]dingfz] b

Then the formula

1 2i
u *§2) V= pdim Ro L{ " AcT u@u (2.38)
0 X Ito

extends to L?(Ry) as a left-invariant associative Hilbert algebra structure. In
particular, one has the strong closedness property:

J’U/ *22) v = JU’U.

Proof. The oscillatory integral product (A.101) may be obtained by intertwin-
ing the Weyl product on the Schwartz space .# (in the Darboux global coor-
dinates (A.100)) by the following integral operator [9]:

T:=F7lo (qﬁ;l)* oF,

F being the partial Fourier transform with respect to the central variable z:

F(u)(a,z,€) := Je_igzu(a, x, z)dz;
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and ¢y the one parameter family of diffeomorphism(s):

1 1
= —————x, - sinh(#¢)).
Qﬁg(@,,ﬁb,f) (aa COSh(g&)x’ 0 S ( 5))
Set J = |(¢_1)*Jac¢|_% and observe that for all u € C* n L?, the function
J (¢71)*u belongs to L2. Indeed, one has

17 @yl = [16 712 pacel 1l = [1uP
Therefore, a standard density argument yields the following isometry:

Ty : L2(Ro) — L*(Ro) :u = F ' omy o (¢ 1)* o Flu),

where m_ denotes the multiplication by J. Observing that Ty = F~1omy o

For, one has *((,2) = F~lomzoF(xp). A straightforward computation (similar
to the one in [7]) then yields the announced formula. O

Let us point out two facts with respect to the above formulas:

1. The oscillating three-point kernel A exp (% S ) is symmetric under cyclic
permutations.

2. The above oscillating integral formula gives rise to a strongly closed,
symmetry invariant, formal star product on the symplectic symmetric
space (Ro,w, s).

Proposition 2.11.
The space L*(Ro)* of smooth vectors in L*(Ro) of the left reqular representa-

tion closes as a subalgebra of (L?(Ry), *((,2)).

Proof. First, observe that the space of smooth vectors may be described as the
intersection of the spaces {V,,} where V,, .1 := (V,,)1, with Vj := L?(Ro) and
(V)1 is defined as the space of elements a of V,, such that, for all X € R, X.a
exists as an element of V,, (we endow it with the projective limit topology).
Let thus a,b € Vi. Then, (X.a) * b + a * (X.b) belongs to V. Observing
that D < V4 and approximating a and b by sequences {a,} and {b,} in D, one
gets (by continuity of *): (X.a) *b+ a* (X.b) = im(X.ay, * by, + ap * (X.by)) =
lim X.(a,, * by,) = X.(a *b). Hence a b belongs to V4. One then proceeds by
induction. O

2.3 Spin structure and Dirac operator

Construction of the frame bundle is a straightforward adaptation of theorem
2.2 (chapter II) in [23], while connection issues are adapted from proposition
1.3 (chapter IIT). According proposition B.3, notations G and H stand for the
identity components of SO(1,/ — 1) and SO(2,1 — 1).
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2.3.1 Frame bundle and spin structure

An element of the frame bundle is a map from Q to T(G/H) of the form®
dpg o A where g € G and A € SO¢(Q). By proposition 1.10, there exists a
h € H for which A = Ad(h) for every A € SOy(Q) so we have

dpgoA=drodLyoAd(h) =drodLyodLpodRy =dnodLgodLy, = dugn

hence in fact every element in the frame bundle reads djug for some g € G.
We conclude that the fibre By, over [g] is made of maps of the form dr;, with
k € [g]. The action of H on the frame bundle is given by

(dpg) - h = dpg o Ad(h).

Proposition 2.12.
The map
6:G— B
g — dug
s a principal bundle isomorphism between the frame bundle and the principal
bundle

(2.39)

G

|+

G/H

H (2.40)

where 7 is the natural projection, the action of H is the right one and the wavy
line means “acts on’.

Proof. Surjectivity of 3 is clear. For injectivity, suppose dug = dpg . In order
for the two target spaces to be equal, one needs g’ = gh for a h € H. Now we
have, for all g; € Q,

dpgq; = dpgng; = drdRp-1dLgdLyq; = deLg(Ad(h)qj), (2.41)

but dr is an isomorphism from Q,, so we deduce that ¢; = Ad(h)g;. Since
we are using the connected component of SO(Q), that implies that h = e, and
thus that g = ¢g’. The following proves that 3 is a morphism:

B(gh) = dndLydLy, = drdLydLydRy- = dvdL, Ad(h) = 5(g) - h.
O

The following lemma provides a convenient way to express the tangent
bundle over G/H as an associated bundle to the principal bundle (2.40). We
denote by G x, Q the quotient of G x Q by the equivalence relation (g, X) ~
(gh, Ad(h~1)X) for all h € H.

6See B.3.2 for notations.
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Lemma 2.13.
The map
B:Gx,Q—->TM

2.42
lg,X] — drgdnX (242)

with p(h)X = Ad(h™1)X is diffeomorphic.
Proof. In order to check that 3 is well defined, first compute
Blgh, Ad(h~ 1) X] = drgpdr Ad(h™ )X = drdLg, Ad(h 1) X,

and then using the fact that drdRj, = dm, the latter line reduces to dndL,X =
B(g, X). For injectivity, let B[g, X] = B[¢’, X’]. In order for these two to
be vectors on the same point, there must exists a h € H such that ¢’ = gh.
The equality becomes dndL,dLpX’' = drndLy,X. Commuting dr with dL,
and using the fact that dr, is an isomorphism, we are left with the condition
drdLp X' = drX.

An element of G/H is an equivalence class which contains exactly one ele-
ment of Q. In the right hand side of the condition, this element is X while the
element of Q in the class drdL, X is Ad(h)X’. Equating these two elements,
we find the condition X’ = Ad(h~!)X, which proves that [g, X] = [¢/, X'] and
concludes the proof of the injectivity of f. O

The following proposition will prove useful in order to identity the spin
structure over AdSy.

Proposition 2.14.
If G is a connected Lie group and if Z is the center of G, then

1. Adg is an analytic homomorphism from G to Int(G), with kernel Z,

2. the map [g] — Adg(g) is an analytic isomorphism from G/Z to Int(g)
(the class [g] is taken with respect to Z).

On the one hand that proposition among with the fact that Z(SP(2,R))
proves that the quotient SP(2,IR)/Zs is isomorphic to Int (sp(2,R)). On
the other hand one knows that SO¢(2,3) has no center, so that SOg(2,3) ~
Int(s0(2,3)). But the subsection B.11.2 provides an isomorphism between
50(2,3) and sp(2,R). Thus we have

SP(2,IR)/Za ~ SO¢(2, 3). (2.43)
We denote by ¢: SP(2,R) — SO¢(2,3) the corresponding homomorphism

with kernel Z,. In particular the restriction ¢|sp(2,c) is a double covering
of SOg(1,3). But x is the same kind of double covering, so universality of
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SL(2,IR) on SO¢(1, 3) provides an automorphism f: SL(2, C) — SL(2, C) such
that ¢ = y o f. The spin structure to be considered on AdS} is

Spin(1,3) ~—= SP(2, R) Ld SO (2,3) <~~~ SO(1,3)

~

AdSy

where the action of Spin(1,3) on SP(2,R) is given by a-s = af~!(s) where we
identified Spin(1,3) with SL(2,C) as subgroup of SP(2,R). One immediately
has p(a - s) = p(a)x(s).

2.3.2 Connection

There are a lot of ways to express a vector field X : G/H — T'(G/H). From the
identification T'(G/H) = G x, Q, one has X: G/H — G x, Q. As section of an

associated bundle, X can be expressed by an equivariant function X:G->Q
such that X[, = [9, X(g9)]. The H-equivariance of X means that X(gh) =

Ad(h™1)X (g). Let X € G and consider the function

Ax:G—> QO

P (Ad(g_l)X) (2.44)

Q

which is equivariant because the decomposition G = H @ Q is reductive. The
corresponding vector field is

Ax[g] = [9, (Ad(g71) X)), ];
or
Ax|[g] = d’rgdw(Ad(gfl)X)Q = drdL,(Ad(g~")X)
because dmXg = dnX. It is easy to check that the form

wy(X) = —(dLg-1X),,

is a connection form on the principal bundle (2.40). We are going to determine
the associated covariant derivative of this connection on the tangent space, and
prove that it is torsion free. The horizontal lift of Ax[g] is

ZX(Q) — dLg(Ad(gil)X) _ i[getprQ Ad(g—l)X]

= 24

t=0

The equivariant function associated with the covariant derivative of Ay in the
direction of Ax is given by (Ax),Ay. Using expressions (2.44) and (2.45) of
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Ay (g) and Ax(g), we have

(Ax)ydy = G [Av(getmertom) |
_ %[ (Ad (e~tPre Ad(g’l)Xg—l)Y) o ]t:O
d

Q
e

This commutator is an expression of the form [Zg, Z5 +Z3,]o. Using reducibil-
ity we find

(Ax)yAy = =| (Ad(g™)X) o, (Ad(g™)Y),| (2.46)

The commutator produces

(Ax)gAy — (Ay)gAx = —Aixv1(9),

which by construction the equivariant function associated with the vector field
VayAy —Va, Ax; so on the one hand we have

(Vax Ay = Va, Ax)[g] = —drydrAix vy (9) = —drydm(Ad(g™)[X,Y]),
= —dndRy4[X,Y].
On the other hand,
[Ax, Ay]lg] = dn[dR,X,dR;Y] = —dmndR,[X,Y],
which proves that the connection is torsion free.
We are now going to study the horizontal vector fields on SP(2,R) with

this connection and the homomorphism h~! of equation (B.80). We have to
study for which elements X, € SP(2,IR) the expression

wa(Za) = wWhr (o) (d71)a4) = —(dthl(a)fldh—lza)H (2.47)

vanishes. Every such element can of course be written under the form ¥, =
dL,¥X for some X € 50(2,3). So we are lead to consider the expression

(dh™)a(dLa) X, (2.48)
It is easy to deal with that expression in the case of a = e:

(@h™)ep(X) = 71X = X.
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In particular, if ¥ € 7, then dh 'L € Q and when ¥ € Z, we have dh ™' € H.
This result propagates to other elements a € SP(2,R) using the general result

df odLg = (dls(y)) o df

which holds for any group homomorphism f. Using that property with A~ on
the point a € SP(2,R), we find (dh™')4 o (dLa)e = (dLp-1(4)) © (dh™')e, and
the expression (2.47) becomes

wa(dLahX) = (dL (h_l(a))fldh’ldLaz/JX)H = Xp.

It is zero if and only if X € Q, so that the horizontal vectors on a are exactly
the ones of dL,9Q = 7,.

2.3.3 Dirac operator

When §: SP(2,R) — AW is the equivariant function associated with a spinor,
the Dirac operator reads

Ds(a) = 957’ Vi s(a) = gij71:(a)3 = gijy7Ti(a)5 (2.49)

where the metric g is the usual four-dimensional Minkowskian metric and the
matrices 7 are the associated 4 x 4 Dirac matrices. The elements f;(a) =
dL.t; = dL,(g;) span the natural basis of 7, see appendix B.11.3. The ma-
trices 7' are the usual 4 x 4 Dirac matrices for the 4-dimensional Minkowskian
metric.

One can find a change of basis which express the Dirac operator in terms
of vectors of R;. For that, let {X;} be a basis of R;. We have
4 [[e_txiu]] = —dndR,X;
dt t=0 we
that is necessarily decomposable by corollary B.12as combinations of vectors
of the form dndL,q; because [u] belongs to an open orbit of the action of R;.
That defines a matrix B by

XFu] =

2

dﬂdLu(h = BijdﬂdRqu,

and then a vector Y € H by

¢ = Bij Ad(u™)X; +Y. (2.50)
Now we have #;(a) = dLaw( BUX + Y) We can go further using the
fact that 1/)<Ad ) X) for every a € SP(2,R) and X € G.
Defining the vectors s; = Ad ( )’L/JX we find

ti(a) = Bijsi(a) + ¢(Y)(a). (2.51)
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2.4 Perspectives

A main achievement of spectral non-commutative geometry is the ability of
retrieving the original Riemannian manifold from the data of the spectral triple.
Such a result does not exist in the case of AdS because the latter is a non-
compact pseudo-Riemannian manifold. The main lines of such a reconstruction
method can however be foreseen in the case of anti de Sitter space.
e Knowing the family of products *§2), we know in particular the usual
commutative product of functions. That should allow us to find back the
manifold AdSj.

o It is possible to extract the data of the curvature of the manifold from
the data of its Dirac operator as the non-differential part of its square.
That part will of course appear to be constant and negative (because we
know that we were starting from anti de Sitter).

We only quantized an open orbit of AdS, because it is a whole physical
domain. Quantization of the full space could be very interesting because of a
special effect of the noncommutative product: two functions with disjoint sup-
ports can have a non vanishing product. What about the physical significance
of that property when one multiplies a function supported in the singularity
by a function supported in the physical part ?

There is another reason to study the quantization of the full space. We will
show in section 3.2 that a deformation of the full space by action of the Iwasawa
component of SO(2,] — 1) is possible. That quantization has the advantage of
deforming the space by the action of the group which is precisely defining the
singularity. In other words the same group can describe a singularity and
a quantization. A work to be done is to try and recover the special causal
structure from the data of the quantized manifold. That structure must be in
some way contained in the spectral triple.
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Chapter 3

Two notes for further
developments

Abstract

This chapter contains two directions that were explored during my
thesis and that were not finished for different reasons.

In the first section, we state a result of Unterberger in [35] which
provides a deformation of the complex half-plane, and we show how to
translate it as a new noncommutative product on the group az+b, i.e. the
Iwasawa subgroup of SL(2,R). The technique of deformation by group
action described in appendix A.4 then induces a deformed product on
the dual of its Lie algebra. We do not study the properties (symmetries,
maximal functional space of convergence, symplectic condition to be a
true quantization, ...) of this product, but we show that Unterberger’s
result assures the existence of at least one good functional space. Un-
fortunately the formula reveals not to be universal; we show the lack of
universality on two examples of actions of the group ax + b on AdS-.
The failure is due to divergences of the derivatives of the functions z;
(see equation (A.89)).

This study is motivated by the fact that recent work (not published
yet) of P. Bieliavsky provides an universal deformation of the AN of
SL(2,R). We are thus allowed to say that the latter new product is
“better” than the one of Unterberger. We do not address the question to
know the precise point that makes the lack of universality in Unterberger.

The second section is an application of the extension lemma (lemma
A.19). We show that all the ingredients needed to deform the AN of
SO(2,n) are present. The idea was to deform the AdS black hole using
the action of the so-deformed AN. That should provide an alternative
way to deform AdS to the one presented in chapter 2, and a quantization
of AdS) using the same group as the group which defines a black hole.

99
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That method would use the deformation by group action machinery de-
scribed in appendix A.4. The arising question is naturally to know if
that quantization is in some sense equivalent to the one given in chapter
2 or not. That question is not answered yet.

3.1 Formula of Unterberger on SL(2,R)

The following results come from [35] (from page 1219) and provide a deforma-
tion! of the half-plane

D={(&n)|n>0}c R

Before to give the precise statement that will be used, we need some def-
initions. A first product is defined by (we will precise the functional space
later):

(rogen = X S0 wim (a5l DO.0@D0.0) ()
2

f(p.q) =f(p+€(q+v1 +¢2),n(g++/1 +q2)),

and the same for §. In particular,

where

(fog)(0,1) = 4ff(‘I’((h,pl))g(‘l’((h,pz))€74m(7mp2+qul) dg1 dp1 dgo dps.

with

U(p,q) = (p,a+V1+q?)

Definition 3.1.

Let r1, ro and n be real numbers with r1 = 0. We denote by E;}Mz the space
of functions f € C*(D) such that for all (j, k) € N x N, there exists a C > 0
such that

0 J 0 k -
| (a_s) (”%) FEm| < On (L4 (L +1gh™. (3.2)
Now, theorem 8.2 in [35] states

Theorem 3.2.
Let feXl and ge X7, . For each N € Ny, the function
1 2

1,72

(=D . ac ke ik K
hn = fog— Z a'—ﬁ'(4m) 7 Z CyaClis (ele5 f) (el €5 g) (3.3)
atB<N-1 gk, k'

Lor, at least, a new noncommutative product.
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n+n'—
71 +T r2+r

belongs to the space ¥ , if constants C’] 5 are defined by the require-

ment that

(5 ) (&0, m0) ZCJ’ (ele5 £) (o, mo)

for every smooth function f and (507770) €D when j+k<a+pandj >«
and Ci% = 0 otherwise. The operators €; are defined by €1 = e; = 0¢ and

e2 = 2[1+ (2)°] 7 (&% + mody)-

For our purpose, the point is that there exists a product on Fun(D) and
that theorem 3.2 provides a functional space stabilized by the product. We are
now going to translate this result in terms of the Iwasawa subgroup R = AN
of SL(2,R) that is parametrized (see (B.22)) by

(a,1) = (60 éf) .

jiR— R
(a,0) = (**,1e*)

provides an isomorphism between R and the group

R’={(a 3) = (O‘ f),a>0}.

The inverse of j is j~(a, 3) = (Ina'/2, Ba~1). The group R’ acts on D by
(@, ) - (&) = (& + Ba™ a7 ) (3.5)

which is a freely transitive action. For each choice of “reference point” (£o,10) €
D we build an identification i: D — R’ by the requirement (&, n) - (£0,70) =

(&,m), that is
i) = (77 57750) (36)

Now we can identify D to R by k: D — R, k = j7' o4. For the choice
(503770) = (0’ 1)5 we find k(‘fﬂ?) = (ka(gan)a kl(gan)) where

The map
(3.4)

Fal€m) = —5 I, k€)= ¢ (37)

and the function f on R corresponds to the function f = f ok on D.
The result of Unterberger is that the function f “can be quantized” if

‘((%)j (n%)k f&,m|<Cn

T )1+ ) (3-8)
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where n, r1 and ro are real numbers aI}d r1 = 0. We want to see what condition
has to be imposed on f in order for f to fulfil this condition. In other words,
we want to express the operator

AN Y
A = = il
’ <a§> (” an)
in terms of the coordinates on R. For that we compute 0 f and (n0y) f in terms

of 0;f and 0, f.

Let us precise that, when we write expressions like 10,,, we mean for example

(10.£)(€,2) = 2(0,/) (&, 2).

For 0¢ f we have:

(0ef)(&.m) = (Ouf) o k(&,m)(Bekr) (€, m)
+ (0af) o k(fan)(aﬁk’a)(fan),

using the formula (3.7), we find (¢ f)(€,7) = (8if) o k(&,n) and we conclude
that

0f = (0if) o k. (3.9)
For (nd,)f, we find

(n0y)(f 0 k)& m) =n(0y(f o k))& m)
= n(aaf) o k(&a U)(anka)(f, 77)
+ U(alf) o k(&a n)(aﬁkl)(ga 77)

= _%(0,1]‘) o k/’(f, n)a

and we conclude that

1
(10)(f o k) = =5(9af) o k. (3.10)
So the operator A;;, expressed on R, reads
IR
AgfoR) = (=3) @ainon, (3.11)

and condition (3.8), with (¢,n) = k1(a,l) = (I,e2%) reads now

1 ) .
Q—k(ai:agf)(a, 1)‘ < Ce M1 4 e 292 (1 4 |I[)" (3.12)
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with 71 = 0 and ry, being any real number. From now on this regularity
condition will be referred as the Unterberger’s condition. That condition char-
acterises a stable functional space for the Unterberger product on R.

We want now to test the deformation of manifold by action of R. A some-
what deceiving result that will be shown is that Unterberger’s deformation of R
is not an universal deformation in the sense that we will find some action of R
on manifold for which the action deformation does not provides a deformation
of the manifold.

3.1.1 Action on the dual of its Lie algebra

The action if given by
(a,1) - € = (yu +2ypl)H* + ype *“E*

where £ = yyH* + ygE* is any point in R*. The question is to know if the
product (u*g* v) makes sense when u and v are compactly supported smooth
functions on R*. In order to address this question, we have to check if for
every & in R*, the function

(agu)(a, l) = u((a, nH—t 5) = u((yH — 2ype 2%0), yEeQ")

fulfils condition (3.12). So we consider

f(aa Z) = ’LL( (yH - 2yE€72al)a yE672a)a
—_—

zm (a,l) zg(a,l)

and we compute

(0uf)(a,1) = (Omu)(zm, 26) 01y — 2ye 1)
+ (0pu)(zm, 26) 01 (ype )
= (Onu)(zu, 2)(—2ype "),

(0] )(a,1) = (Ohu)(zm, 26) (—2ype 2. (3.13)

The combination yze 2* which goes out is precisely zr which remains in the

derivative of u. But the derivative of u has compact support. Hence, in fact,
the coefficient yze 2% remains constrained in the domain where the derivative
of u does not vanishes. The point is that the coefficient which go out with
derivatives is exactly made of zy and zp.

So R* is as deformable as D. More precisely, a deformation of R* by action
of R is induced by the deformation of D by Unterberger.
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3.1.2 First action on the two dimensional anti de Sitter
space

We see AdSs as in B.8.2 and we consider the following action of AN on AdS,:
r-Ad(g)H = Ad(gr ")H.
It is easy to see what does this action become in terms of the cylinder:
(eyAHeyNE) -Ad (e””(Te“’E) = Ad (eIKTeC”NE_yNEeyAH)H
where the adjoint action of e¥A” on H is of course trivial. Thus we have
(ya,yn) - (2k,2N) = (T, TN — YN). (3.14)
Notice that only one dimension of AN really acts. This action is thus not the
most natural one, but is gives an interesting first toy model. Using the notations
of coordinates (B.63), we consider x = ¢(0,h) € AdSy and u € CF(Cyl), a
compact supported function on AdSs and we compute
(a*u)(a,l) = u((a,))™" - z) = u((—a, —1e**) - z) = u(0, h + 1**),
so that if we pose f(a,l) = u(@, h+ 162“), we have
(@) (a, 1) = €**(02u)(0, 1e?).
When one makes a — o0 and [ — 0 in such a way that le2® remains constant, the

function (0, f) diverges in an exponential way with respect to a. It contradicts
Unterberger’s condition (3.12).

3.1.3 Second action on the two dimensional anti de Sitter
space

Let us now study the more natural action

r-Ad(g)H = Ad(rg)H. (3.15)

It is in general very difficult to find, for given ya, yn, £x and xy, the numbers
(unique by construction) zx and zy such that

Ad(eyAHeyNEemKTezNE)H _ Ad(eZKTezNE)H.

In order to simplify the computations, we use the lemma A.21 which states
that we only have to perform the computation for one (zk,2x) in each orbit.
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We begin by zx = zny = 0, i.e. the orbit of H itself. First, computations show
that
Ad(e*TeNPYH =(cos(22) — sin(2z)zn ) H
—2(cos(2zk)zn +sin(2zk)) E
+ ((cos(QZK) —1)zn + sin(2zK))T.

Next,
_9,2a
Ad(e*e!PYH = ((1) 2_61 l) — H —2*1E.
Comparing with the general form, we find that

Ad(e*H By = Ad(el<" F)H, (3.16)

or (a,l)-(0,0) = (0,le**). What is important in our deformation problem is
the function

(a"u)(a,l) = u((—a, —1e**)) - H) = u(0,—1).

This function of course satisfies the Unterberger condition when u has a com-
pact support.

The second orbit that we study is the one of V = Ad(e™/)H = —2E 4+ T.
One has

Ad(e®H e BV = —IH + e 2%(e*? — ' — 1)E 4 e 2T

If we pose ¢ = cos(2zk ), s = sin(2zx) and b = €2¢, we have to solve the system

c—szy = —l (3.17a)
1
—2czy — 25 = E(bQZQ —b? —1) (3.17b)
1
(c—1Dzy+s= 7 (3.17¢)
A +s?=1 (3.17d)

with respect to ¢, s and zx. One can check that the following is a solution:

VA2 — 2% + 6% — 1

_ 1
TR w01 (3.18a)
2(1 — 1)
_ 3.18b
TR 11 (3.18D)
B2(1—12)— 1
= - f-1 (3.18¢)

2b
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If we pose zx (a,1) = zx(—a, —1e?*) and zy(a,l) = zx(—a, —1e?*), we have

_ 1 , 2e724(1 + e22)
zik (a,l) = 5 aresin (lQ T ole % 1o da i1 (3.19)
2zn(a,l) = e — (1% +1). (3.20)

The principle of deformation by action of group leads us to deal with the
function
f(aa l) = U(ZK(a’a l)’ ZN(a’a l))a

which should satisfies Unterberger’s condition when w is compactly supported.
Notice that zx is a compact variable, so that u can be non vanishing for all
values of zx without violate the compact support requirement. The derivative
of f with respect to a uses the chain rule, and it is apparent the higher order
derivatives have to use the Leibnitz formula:

af — — agK _ _ 62N
%(a,l) = (é’lu)(zK,zN)E(a,l) + (02u)(zK,zN)E(a,l).

In order to give an idea of what is going on, here is the first derivative of zx
with respect to a:
2e2a

a_ 7l = .
(Gazi)le.D) = o e w el 11

Let us look at the limit @ — —o0 on the line | = e~2%. If one performs multiple
derivatives of f(a,l) with respect to a, Leibnitz rules yields a lot of terms of
the form

(07 05u) (2 (a, 1), 2 (a, 1)) (0,2 ) (a, 1) (05 2w) (a, D)™ (3.21)

On the line [ = e=2% the numerator of (0%zk)(a,l) is (e*® + 4)?* while the
numerator is a sum and product of monomials of the form (e + N) with
N > 0. At the limit, this factor in (3.21) goes to a finite number. The factor
(0%Zn)(a,l) is very different because

(0%zN)(a,1) = (—1)F2F~tem2a —ok—1e2a(j2 4 1),

which becomes

2k71672a ((_1)k _ 1) _ 2k71€2a
on | = e 2% It goes to zero when a — —oo and k is even, but is goes to —o0
at the same limit when k is odd. The highest divergence in all the terms of
type (3.21) in (07 f) is expected for maximal m, so when ¢ = j = 0. This is a
divergence as

T — 62(71—1)1-

Notice that this divergence increases when the order of derivative increases.
Hence it contradicts Unterberger’s condition which works with parameters rq
and ro who are constant with respect to the order of the derivative.
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3.2 Deformation of SO(2,n)

3.2.1 Decomposition as split extension

We try to decompose A @ N as symplectic sum in order to use the extension
lemma. In that purpose, let us consider the change of basis (B.60) in .A:
Hy=J,—Jyand Hy = J; + Js.

If Hy € s9, then L, V;, W, € s because 51 must act on s2. Hence M € s5 and
H> remains alone in s;. That proves that H; € s1. If we suppose that Hs € so,
we find

su={H1L L} (3.22)
§2 = {H27‘/’L;WJ7M} .
The case Hy, Hs € 51 leads to
even
——
s1 = {H1, H2, Va,... b} (3.23)

S59 = {Ma La Wi; Vothers}-

The symplectic condition excludes the second decomposition. Indeed for each
s such that [Hy,s] = as (ie. s =V;,W;, L), we have

Qg(e“dHlM, eadHls) = "N (M, s) < Qa(M, s).

Hence Q2(M,s) = 0. This proves that the decomposition (3.23) imposes the
symplectic form s to be degenerate. We are left with decomposition (3.22).
Root space decomposition of SU(1,n) can be found on pages 314-315 of
[28]: it has dim A = 1, dimGoy = 1 and dim Gy = 2(n — 1). In so, we have
Vi€ Gi, W; € Gi, M € Gy, and when we look at AdS; = SO(2,1—-1)/SO(1,1-1),
we have [ — 3 matrices V; and W;. Therefore s, is nothing else than the ADON
of su(1,1—2) (recall I = 3). The analysis shows that s, is the A@N of su(1,1).

3.2.2 Conclusion and perspectives

For our AdS; black hole, the algebra of the group which defines the singularity
is the split extension

(-A@N)so(zlfl) = (A G')N)ﬁu(l,l) @Dad (-A G‘)N)su(l,lfQ)-

A deformation of the corresponding groups is given in the article [9], and the
extension lemma A.19 yields now an oscillatory integral universal deformation
formula for proper actions of the Iwasawa subgroup of SO(2,!—1). That remark
provides an alternative way to deform the black hole to the one presented in
section 2.1.
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The availability of a quantization of AdS; by action of AN is an opportunity
to embed our black hole toy model in the framework of noncommutative geom-
etry. Indeed, the quantization of AdS] is the data of the anti de Sitter manifold
and the action of the group AN; that is precisely the data which defines the
black hole of chapter 1. So we would be able to “see” the causal issue from
the data of the deformed spectral triple. Remark that a causal structure (in
the physical meaning of the term) is a special property of pseudo-riemannian
manifolds for which spectral geometry does not exist yet.

An important remaining problem with that method is the fact that the
extension lemma does not assure the existence of a stable functional space for
the new product. So there is still a lot of analytic work to be done.



Appendix A

Deformations

Abstract

Deformation is a main theme of research in the present work. We
begin here to describe WKB quantization and a general method to guess
deformations of function algebras. The role of Darboux charts and mo-
mentum maps appears clearly. A careful example is given by the defor-
mation of SL(2,R).

We prove a useful result (from [17]), the extension lemma, which
allows to deform a split extension when one knows a deformation of the
two components of the extension. The kernel is simply the product of
the two kernels.

Then we see the principle of deformation by group action: when a
Lie group is deformable, one can find a deformation of any manifold on
which the group acts. Universal formulas exist in some cases. This is
why deformations of groups are studied. An application of that extension
lemma to the Iwasawa subgroup of SO(2,n) is given in chapter 3.

A.1 WKB quantization

More details can be found in the article [15]. A manifold M is given with its
usual commutative and associative algebra (C* (M), -) of smooth functions. A
deformation, or a quantization®, of M is the data of a new product *24 on a
functional space over M.

Let G be a Lie group acting on a manifold M. We consider Fun(M, C), the
space of all the maps from M to C, without any regularity conditions. The

n fact, we make a difference between these two words. A deformation is only the fact
to find a new product from an old one; the new product depends on a parameter and has to
reduce to the old one when the parameter goes to zero. A quantization is a deformation in
which the first order term (whatever it means) of the new product contains the symplectic
structure as in condition (A.4) below.

69
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regular left representation of G on M is the representation of G on Fun(M)
given by

[Lg(a)](h) = a(gh) (A1)
for all @ € Fun(M), g, h € G.

A.1.1 Definitions and general setting

Let (M,w, V) be an affine symplectic manifold, i.e. a 2n-dimensional symplectic
manifold (M,w) endowed with a torsion-free connection V such that Vw = 0.
The automorphism group Aut(M,w, V) is defined as

Aut(M,w, V) = Aff(V) n Symp(w)

where Aff(V) is the group of affine transformations of the affine manifold
(M, V) and Symp(w) is the group of symplectomorphisms of (M, w).

Let R be a subgroup of Aut(M,w,V). The following definition of a R-
invariant WKB quantization can be found in [7].

Definition A.1.
A R-invariant WKB quantization of (M,w,V) is the data of a product

1

= ag(w,y, 2)e TV Du(y)o(z) dy dz (A-2)
M x M

(u xg v)(2)

(where dy dz is the Liouville measure w™/n!) with the following constrains:

1. For each 0, we have a space Ag containing the space CF (M) of compactly
supported smooth functions. The product x¢ extends to Ag in such a way
that (Ag, xg) becomes a one-parameter family of associative #-algebras.

2. The product *g on Ay is the usual pointwise product and (Ag,*o) is a
Poisson subalgebra of C* (M) for the induced Poisson structure from the
symplectic form w.

3. VO =0, the space Ay is a #-vector subspace of C* (M) such that
Cr(M)c Ay < Ag
where the involution * on C* (M) is the usual complex conjugation.

4. S is a real valued smooth function S: M x M x M — R such that for
all ¢y € M, the function S(xg,.,.) € C*(M x M) has a nondegenerate
critical point at (xg,xo).

5. The functions ag are positive real-valued:

ag: M x M x M - RT.
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6. The functions S and ag are invariant under the diagonal action of R on
M x M x M.

7. Yx e M and Yu,v e CF (M) with support in a suitably small neighbour-
hood of x, a stationary phase method yields the extension

(u*g v)(x) ~ u(z)v(r) + §C1 (u,v)(x) + 0(6?) (A.3)

where c1 satisfies

c1(u,v) — 1 (v, u) = 2{u,v}. (A4)

We emphasize the fact that the functional space AM is stable under xg:
this is a strict quantization in contrast to a formal star product which only
stabilises the space of formal power series of 6.

An example of WKB quantization is the Weyl product which is nothing but
an integral reformulation of the Moyal star product:

U 0@ = g [ E O gl dyds
R‘Z‘n, XRQT},
where S°(z,y, 2) = Q(z,y) + Qy, 2) + Q(z,z), and  denotes the usual sym-
plectic form on R?". v
The function K = age?” is the kernel of the product xg. The associativ-
ity of x¢ on the functional space Ay is the fact that the equality

((urgv) %o 7)(z) = (u*g (v *o7))(2)

holds for every u, v, r € Agp and x € M. That condition translates under an
integral form to the following relation

[ wewa [ rwouememes] o .

= foM K(z,y,2)u(y) UMXM K(z,t,s)v(t)r(s)mm(t, s)] e (Y, 2)

where pa(y,2) = pav(y)par(2) is the Liouville measure on M. Performing
formal manipulations (such as a Fubini theorem), one can express this condition
as
| K@orErou - | KeroKeypun. 40
M M

That form is easier to handle and to check, but it is meaningless in general.

The fact to have a left-invariant kernel on a group G means that the
kernel K: G x G x G — C has the property Ly K = K, or

K (ghi, gha, ghs) = K(h, ha, h3) (A7)
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for every g € G. The following lemma allows us to use group isomorphisms to
push forward a kernel from a group to another.

Lemma A.2.

Let G and Gy be two symplectic Lie groups and K1, a left-invariant kernel
on G1 which provides an associative product on the functional space Ai. Let
o: Go — G1 be a symplectic Lie group isomorphism. Then the kernel Ko =
o* K1 is invariant and gives rise to an associative product on As = ¢*A;.

Proof. By definition,
(¢*K1)(h1, ha, hs) = K1 (¢(h1), ¢(h2), ¢(hs)).
Therefore, using the left-invariance of K7, we have
L;¢*K2 = (¢ e Lg)*KQ = (Lg e ¢)*K2 = Qﬁ*L;(g)Kl = ¢*K1

That proves left-invariance of ¢* K7 on Go. Now we prove the associativity of
Ko, this is to check condition (A.5). We have

f Ka(z,y,7) [ j Ko (., 8)(6% ) (£)(6*0) (8 paa, s>]
GaoxGo GaxGo
() ()12, 2)
GaxGa GaxGa

r(¢z)p2(y, 2)-

We perform in this integral the change of variables 7, = ¢y, 7 = ¢t, 7, = ¢z
and 75 = ¢s. This does not affect the measure because ¢ is a symplec-
tomorphism and p; are the Liouville measures on G;, so that for example,
p2(t) = pa(¢~17) = p1(m:). The previous integral becomes

f Klwx,fy,n)[ f Kl(w,n,mu(n)v(u)m(n,Ts>]
G1xG1 G1xGy

(T2 ) p1 (Tya T2).

Using now the associativity of K; on GG; and performing the inverse change of
variables, we find

f Kzu,y,z)(as*u)(y)[ f Kz(z,t,s)(qs*v)(t)(as*r)(s)uz(t,s>]
Gax Gy Ga2xG2

pa(y, 2),
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which proves the associativity of K5 on ¢*Aj;.
Notice that condition (A.6) can be checked in much the same way.
O

It is worth noticing that lemma A.2 needs a group isomorphism while one
often only has a Lie algebra isomorphism. Due to Campbell-Backer-Hausdorff
formula, it may be very difficult to find a group isomorphism from an algebra
one.

Remark A.3. Most of the time, the symplectic condition (A.4) does not have to
be checked because we just define the symplectic form ws on Go as ws = ¢p*wy
where w; is the symplectic form on Gj.

Definition A.4.

When a: G x A — A is an action of a Lie group G on a vector space A,
one says that the element a € A is a differentiable vector of o if the map
g — ag(a) is a differentiable map from G into A.

We are now interested in the regular left representation L: R x Ag — Ay
given by (L,(u))(z) = u(r- ). A function u € Ay is a differentiable vector of
L when the map

ay: R— Ay

r— L,.(u) (A.8)

is differentiable. The differential of «, is what we will denote by dL in the next
few pages: dL(X)u = (day).X. By definition,

(o)X = Slon(e®)] = 2[Lxw)]

and the element (doy,).X € Ag applied to x € M is

d

(LX) (@) = (o)X ) (@) = [ Lex ] _ =

=0 dt

tX
. . (A9
|u(e™-2)] . (A9)
We denote by Aj" the space of differentiable vectors of the representation L.
If one particularises to Ag ¢ C”(R) (the manifold M being R itself), the
vector fields of R naturally act on Ay. In particular, if u: R — C and X € R
we have

(X*(w))(r) = XF(u) = %[u(e*txr)]tzo = (dL(—=X)u)(r),
so that
dL(X) = —X* (A.10)

holds on the space of differentiable vectors Aj’.
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Definition A.5.
A formal star product #c: C* (M)[[v]] x C*(M)[[v]] - C*(M)[[v]] is said
to be G-covariant if for all X, Y € G,

[Ax, Avlee = 2v{Ax, Ay} (A.11)

where [Ax, Ay |xe := Ax *q Ay — Ay #¢ Ax. In other words the start product
is G-covariant when the expected terms of higher order in the right hand side
are zero.

A crucial use of G-covariance will be done in proposition A.7 in order to
build a map p, that fulfils the following proposition (instead of dL itself).

Proposition A.6.
In the setting of definition A.1, the map dL is a representation by derivation
of R on AJ.

Proof. We will not pay attention on the domain Ay. Its definition will come
later. First, we prove that dL: R — End Af is a representation. Indeed,

d * d * *
dL([X’ Y])u = E(Lexp(ft[X,Y])u)tzo = E([Lexp(ftX)’Lexp(ftY)]u)tzo

[dL(X),dL(Y)]u.

(A.12)
Next, L g-invariance of #¢ yields
(L:xp 7tXu> *0 (L:xp 7tX’U) = L:xp _ix(u g v).
If we derive this equality with respect to t at ¢ = 0, we find
AL(X)u xg v +u g dL(X)v = dL(X)(u *¢ v).
O

A.1.2 Deformation of Iwasawa subgroups

The motivation in deforming (or quantizing) groups resides in the method of
deformation by group action (appendix A.4) which states that if one can deform
a group, one can write a formula for a deformed product on any manifold on
which the group acts.

Let first describe the next few steps in the construction of WKB quanti-
zations of groups. Let G be a semisimple Lie group with its Iwasawa decom-
position G = ANK. The group R = AN is solvable and can be seen as the
homogeneous space R = G/K. We cousider the canonical multiplicative action
7: G x R - R which we restrict to 7: R x R — R. We are interested in a
R-invariant quantization of R. Here is a summary of the notations that will be
used.
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s is the Moyal star product on R™ endowed with its canonical symplec-
tic form,

*I* is the product we are searching for. It has to be defined at least on
CZ(R) and should be extended to C*(R),

AR < Fun(R, C) must contain C¥(R). The purpose is (A%, +%) to be an
associative algebra and A to be invariant under the left regular repre-
sentation of R,

A, = C*(R)[[v]] is an intermediary space which serves to guess x4 and
perform formal manipulations with p, and dL,

1% is the pull-back of Moyal to A,,. It serves to formal manipulations in
order to guess the twist that defines #/*

v

R is the product on A,. The problem of determining that product

is formal. When this problem is solved, we have to prove that in a
well chosen AR, taking ! — *I? yields a solution to the problem. As
previously noticed, in order to make sense, one has to apply dL on the
subspace A" of differentiable vector of the regular left representation.
We will however not take care of this issue in the formal manipulations.

*

The main steps are the following:

1.

In the case of a WKB product we show in proposition A.6 that dL is a
representation of R on A¥. Hence we will try to build a formal product
for which dL is a representation by derivation. From this point of view,
the manipulation with p, is only a trick designed to guess a product
formula.

. We suppose that the group R —the one that we are trying to quantize—

has a symplectic structure w and we consider ¢: R?® — R, a Darboux
chart; i.e. w = ¢*Q where € is the canonic symplectic form on IR?".

We suppose that the left action of R on itself is strongly hamiltonian
and we denote by Ax the momentum maps. We suppose that the Moyal
product is G-covariant?.

We pose p,, (X) = 5= ad,r (Ax). The R-covariance of #1% is used in order

to prove that p, is a representation by derivations of R on (A, =%).

If one can find an intertwining operator between dL and p,, (i.e. if they are
equivalent representations), we define 2 as the pull-back of #&, by this
intertwining operator. In this case, we prove that dL is a representation
by derivations of the product =%.

2In fact, we only need the R-covariance.
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We try now to find a formal product #% on A* such that dL is a represen-
tation by derivations. For this purpose we suppose R to accept a symplectic
structure w and ¢: R?>® — R to be a Darboux chart, i.e. w = ¢*Q where
Q) denotes the canonical symplectic form on R?". Then we bring the Moyal
product of R?” to R by the usual formula

(uw+lv) = (uogspvog)og™t. (A.13)
We suppose that product to be G-covariant®:
[Ax,)\y]*ﬁ = 21/{)\)(,)\y}R. (A14)

Now we consider the left action of R on itself and we suppose that this is an
Hamiltonian action for the symplectic structure w = ¢*Q with dual momentum
maps A\x: R — C. We define, for each X € R, a linear map, p,(X): A, —» A,
by

pv: R — EndA,

1 (A.15)
X — 5 ad*ﬁ (Ax)

Notice that the formal series of [Ax, “]*ﬁ begins with order one, so the division
by v make sense in the space of formal series. The main interest of p, is to be
as we want dL to be. So it will be used to guess how to twist the product in
order to make dL work as p,,.

Proposition A.7.
The map p, is a representation of R on A,, and p,(X) is a derivation of
(A,, ) for each X € R.

Proof. The proof that p, is a representation is only to check that the relation
[pv(X), 0o (Y)]f = po([X,Y])f holds for any X, Y € R and f € A,. Using the
G-covariance and the Jacobi identity,

1 1
py([X, Y])f - m ad*ﬁf (QV)\[XaY])f = m ad*ff ([)‘X’ )‘Y]*ﬁ)f
1
= gt vl Tl (A.16)
1
= E(ad*ﬁl Ax oadyr Ay —adyr Ay oad,r Ax)f

[ov(X), oo (V)]

It remains to check that p, (X)(u % v) = p, (X)u+l v +u+lf p, (X)v for every

30nly the R-covariance will be actually used.
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X € R. This is once again just a computation.

1
pu(X ) wlly vl 0, (X000 = o O sl — el Ax) o v

1
g war (Ax #ip v —v i Ax) (A7)

= 5 ad*ﬁ Ax(’u *5&1 ’U).

O

Notice that the G-covariance of #¥, was used to prove that p, is a rep-
resentation. Now, if we could show that p, = dL, then the answer to our
deformation problem would be Ag = A and xg = *ﬁ But instead of that we
have p, = dL + o(v) because

2—1V[)\X,u]*ﬁ = %21/{)\)(,11,} +o(v) = X*(u) + o(v)
—dL(X)u + o(v)

pv(X)u (A.18)

where the notion of fundamental field X* is taken for the regular left rep-
resentation (which is Hamiltonian). That shows that p, is something like a
deformation of dL. As a consequence, one has dL(X) = X, or

dL(z)u = Xx, (u) = {Ax,u} (A.19)

(see subsection B.12.3).

Since p, is not dL, the hope is to see if p, and dL should be equivalent
representations. As next proposition shows, the fact to find an equivalence
between p, and dL actually solves the problem to find a product for which dL
is a representation by derivation.

Proposition A.8.
LetT: A, —> A, be an intertwining operator between dL and p,,:

Tp,(X)T™! = dL(X). (A.20)
If we define the star product =& by
wl v = T,(T, o, 7 M), (A.21)

dL becomes a derivation of L.

Proof. 1f we develop the expression of dL(X ) (u*1v), we find 7 p, (X )(7 ~1u=l,
T 1v), using the fact that p, is a derivation of 4, one easily finds dL(X )u +%,
v+u sl dL(X)v. O
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A.2 Deformation of SL(2,R)

Abstract

This section shows in some detail an instructive example of deforma-
tion of an Iwasawa subgroup: the Iwasawa subgroup of SL(2, R). In this
section we will use the parametrization (B.22) of SL(2,R), as well as the
notations G = SL(2,R) and G = s[(2,R). Here are the main steps that
will be performed:

1. The Iwasawa component R = AN = G/K provides a double cover-
ing onto O = Ad(G)Z where Z is any element of K (which is one
dimensional). The adjoint orbit O being endowed with a canonical
symplectic form described in subsection B.12.4, we consider on R
the corresponding symplectic structure.

2. The map (a,l) — Ad(e*#e'F)Z turns out to be a global Darboux
chart and induces the diffeomorphism

R~ 0O ~R%

Under these identifications, the adjoint action of R on O becomes
the simple multiplication of R in itself, which is strongly hamilto-
nian.

3. The Moyal product is sl(2, R)-covariant for the action of SL(2,R)
on R2.

4. We explicitly build the intertwining operator between p, and dL
and we write down a product (see proposition A.8).

5. A theorem is stated in which we list the properties of the so con-
structed product.

A.2.1 Actions and Symplectic structure

Here, in contrast with the case studied in B.12.4, we are working with adjoint
orbits (and not the coadjoint orbits), so the subalgebra to be studied is no more
O but

0 =Ad(G)Z,

and the symplectic form is not exactly (B.90), but
wx (A%, B*) = B(X, [A, B)]). (A.22)

The action of G on O is g- X = Ad(g)X. The corresponding notion of funda-
mental field is given by

d _
X;:(a,l) = E[Ad(e tX)¢(aal)]t:O



A.2. DEFORMATION OF SL(2,R) 79

The Iwasawa theorem B.9 claims that G/K = AN and that we have global
diffeomorphism A ® N' — AN, (a,n) — e%"; A - A, a > e*; N —> N,
n — e". We define R = A@®N and the global diffeomorphism

p: AN — O

A23
aH +1E — Ad(e*"e'F) 7. ( )
That map can also be seen as
$:R*— O (A.24)
(a,1) — Ad(e*H P 7. .
In this way, we identify A @® N and R? as two dimensional space.
Proposition A.9.
As homogeneous space, there is a double covering
:G/K - 0O
Vi G/ (A.25)

[9] — Ad(g)Z.

Proof. The map v is well defined and injective (up to the double covering)
because the stabilizer of IC is K. The surjective condition is clear. The double
covering is expressed by the fact that ¥([g]) = ¥([¢']) if and only if g = +¢’. O

The symplectic 2-form w on O induces a symplectic form
Q= ¢*w
on A®N ~ R2.

Proposition A.10.
The 2-form ¢*w is constant and its value is

Q= ¢*w = —2B(F, E)da A dl = Bda A di;
in other words, ¢ is a global Darbouz chart for O.
Proof. We have to compute

a1y (Qar 1) = Wi(a,1) ((dP)(a,1) 0 (D) (a.1)Oh)-
First, we show that d¢(d,) = —H:

Abgunin = [ ola+1.0)] = L[ Ad(el+0eir)z]

=0 dt

dt t=0
_ i tH oH IE _ i tH
- dt[Ad(e € )Z]tzo_ dt[Ad(e )¢(“’l)]t:0

*
—Hy (o)
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In the same way, we find d¢(0;) = (Ad(e“H)E):;:

d d
= —| A aHl+tEZ = —| A aHtE—aHaHlEZ
4 ta.) 0 dt[ d(e*"e ) ]t=0 dt[ d(e*e e e*e™) ]t=0
- i[Ad(eaHetEe*aH)gﬁ(a 1)] - i[Ad(etAd(eaH)E)qb(a 1)]
dt =0 dt " i=0
a *
= —(Ad(e H)E)¢(a7l).
Using formula (A.22) for the symplectic form,
Q) (0, 01) = B(d(a, 1), [-H, — Ad(e*") E])
= B(Ad(e*) Ad(e'F)Z, Ad(e*)[H, E]) (4.26)
= 2B(Z,Ad(e"'F)E) '
- 2B(Z,E).
Defining 8 = —2B(E, F') we write it as
Q= ¢*w = —2B(F, E)da A dl = fda A dl. (A.27)
O

So, as symplectic manifold, (O,w) is nothing but (R?,da A dl), the diffeo-
morphism being ¢. The symplectic structure 2 induces a Poisson structure P
given by equation (B.85). In the present case, it reads

@) =5(" o) e =5 (%) (A.28)

{fag} = ﬁ_l(alfaag - au,falg)- (A29)

The action of G on O can be turned into an action on R? using the chart
¢. It is done by defining 7: G x R? — R?,

and

T =¢ oAdog, (A.30)
or 74(a,l) = ¢ (Ad(g)¢(a,1)). The notion of fundamental field at = = (a,l) €
R? is thus given by

O | CTTOTN) STe

for which we will often use the path representation

X3(t) = ¢~ (Ad(e™)o(a,1)).
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From Ad-invariance of w,
T*Q =1*¢*w = (po ¢ ' 0 Adog)*w = ¢*(Ad)*w = ¢p*w = Q.
Thus the symplectic form is G-invariant:
Q= Q, (A.32)
That implies in particular that 7 satisfies theorem B.19.

Proposition A.11.
The action T of G on the symplectic space (R?,8) is Hamiltonian and the dual
momentum maps Ny : R?> —> R are given by (cf .B.20)

Ny (a,1) = =B(X, ¢(a,1)) (A.33)
for each X € G.

Proof. We have first to check the identity i(X*)Q = i(X*)(¢*w) = dXx. Let
us apply both sides on the vector A*, with A € G and x = (a,l) € R%. On the
one hand

but
ao. X2 = lorxr)] = L[ Ade N )p@HIB)] = X1,
(A.34)
The same being true for A,
On the other hand,
(@X)e(42) = S 067 (Ad)ota,)]
- %[B (X, Ad(etA)qb(a,l))]t:O
= B(% [Ad(etA)qb(x)]t:O,X) B is linear
- B((ad A)é(x), X)
= —B(é(z), (ad A)X) B is Ad-invariant
= B(¢(x), [X, A]).

(A.35)
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That proves that ¢(X*)Q2 = d)\x. The second part of the proof is to see that
condition (B.87b) holds. Using the fact that Xy, =Y, we find
{/\lXa >‘IY}(0’5 l) = _Q(Xk’vaXy) = _Q(a,l) (X*v Y*)
= _wqﬁ(a,l)(X*a Y*) = _B([X7 Y]v ¢(a7 l))
= Mxvy(a,0)

where the star refers to the action on O. Explicit computations of Poisson

bracket between \y’s at page 83 will confirm that result.
O

We are now able to furnish explicit formulas for A}, N and A by virtue
of the latter proposition. The first computation is:

Ny(a,l) = —B(H,Ad(e'F)Z) = —B(Ad(e™'P)H, Z)
= -B(H +[-IE,H|+...,Z)=—-B(H,Z) + B([~IE,H], Z)
= —2IB(E, F),
(A.36)
SO
'(a,l) = —pL. (A.37)
Second,
Mg (a,1) = —B(Ad(e *H)E, Ad(e'F)) = —e 2*B(Ad(e 'B)E, Z)
_ 66_20' (A.38)
= 5o
Then,
w(a,l) = —gefh. (A.39)
The last one is
Ne(a,l) = —B(Ad(eP)Z, e " F) = —e**B(Z,Ad(e™'F)F)
=—e*B(Z,F —I[E,F]+ g[E, [E,F]]+...)
= —e? [B(Z, F)—IB(Z,H) — gB(Z, 2E)] (A.40)
= —e*(B(Z,F) + I’B(F,E))
=—(— g - 122) = 62'1§(l2 +1).
Finally,
Np(a,l) = £e2“(l2 +1). (A.41)

2
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Using formula (B.86) for the Poisson bracket, one can check that the required
relations (B.87b) are satisfied:

(N, N = 2X5 (A.42a)
(N N} = =2 (A.42D)
[N X} = Ny (A420)

This confirms the fact that our action of SL(2,R) on AN is Hamiltonian.
Using the global diffeomorphism (A.23), and the map
j: AN - O

r— Ad(r)Z (A43)

we identify
R~ 0 ~R2%

The action of R on itself induced from the adjoint action of R on O is
res= jfl(r j(S)) = jfl(Ad(rs)Z) =7s.

It is the left multiplicative action required in definition A.1. The Lie group R
is endowed with the symplectic form

wh = j* 7170,

The notion of fundamental vector for the action of R on itself is given by

X* d[e—tx-r]tzo d[j_l(e_tx-j(r))] —diTXY,, (Add)

Tl T dt t=0 itr

but we know that
e X j(r) = Ad(e ") Z = [por(e " r)0p ]2,

then

X =dj ™t odpX i g

If r = e el® then r- ¢~ 1(Z) = (a,1) and

T

X* = (dj ' odp) X} A45
(a.d)

where the fundamental field of the right hand side is taken in the sense of the
action of R on R2.

The following proposition shows that the explicit form of A and A are the
same up to natural identifications.
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Proposition A.12.
The left multiplicative action of R on itself is Hamiltonian and the dual mo-
mentum maps are given by Ax: R — C,

Ax =Ny op~toj (A.46)
for each X € R.

Proof. Once again, the proof is just a verification of the two properties of a
momentum map. The first one is

(XY = wf(dj*1d¢Xg"a,l), Y) = Qo)) (X(oy» A9~ ' djrY')

. (A.47)
=Ny odgp 'odj)Y =d\xY.

For the second condition, we consider r = e*e!F and

Ax, A () = XF () = (&~ doX (5 ) (X 067 o) Ad8)
= X(*a,z)()\ly) = I[X,Y] (a,l) e C .
while
)\[X,Y] (r) = /\I[X,Y] o ¢71 oj(r) = X[X,Y] (a,1).

O

A.2.2 Guessing the star product

The Moyal star product is invariant under the action of R? on itself L,y = z+vy
in the sense that if we pose (L; f)(z) = f(z +y) it is clear that

(LEf s Lig)(a) = exp | SPY(0yr A 020)| £y + 5)g(z + 8)ly=oma

= Li(f *m 9)(2).

We are however not interested by that action on R2. The action which we look
at is the one of SL(2, R).

(A.49)

Proposition A.13.
The product #pr is sI(2,R)-invariant at order 0 and 1.

Proof. The invariance at order zero is given with some concise notations by

(gu)(gv)(z) = u(gz)v(gz) = (wv)(gz),

The action 7, of an element g € G satisfies 7,7 = Q (equation (A.32)), so
theorem B.19 gives {u o 74,v 0 7,} = {u, v} o 7,4. Since Poisson bracket is the
first term of the Moyal product, at first order

® % ®
T (u #ps v) =T U kN T,V
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Proposition A.14.
The product =y is sI(2, R)-covariant for the homomorphism given by proposi-
tion A.11 or equivalently by equations (A.37), (A.39), and (A.41).

Proof. The Moyal star product can be written as

k
v
wEp U= ZFPk(u,U)

with Py (u,v) = Q170rud v where I and J are summed over k-uple of 0 and
1, including a sum over k itself (z° = a, ! = [). For a given I, there is only
one J such that Q// # 0. There are (:L) multi-indices I providing the term
01 = 0507 with n +m = k. For each of them, Q// = (=1)". Therefore

k
Pp(u,0) = Y (=1)F™ (Z) om ot O O . (A.50)

m=0
For example,
Py (u,v) = —01udov + dpudiv = {u,v}.

If k is even, the expression (A.50) is symmetric with respect of u and v, so
that these terms will not contribute in the computation of the commutators
[t, V]s,,. We are left with

/ Lo 2k /
[Ny, 6]y =2k:0mP2k+1(/\X,u). (A.51)
First we compute [Ny, ¢]x,,:
Popr1( Ny, u) = 0o (=01 N 0ou + 0o\ 01u) = Sko{ N, ul, (A.52)
thus
[Nips w)wy, = 2P (N, u) = 2v{ Ny, u} = 2v60,u. (A.53)

By the way, we point out the relation
ady,, Ny = 2v30,.

Now, we turn our attention to the commutator [N, u],,:

m

, __k B m2k/’+1 2k +1 m AN \/ oMy
Popy1(Ng,u) = Z( 1) ( )( m )(00 al)\E)(aoal ) (A50)

n=0

— 02k+1( _ ge—Qa)aZQk+1u — 622k€—2a0l2k+1u,
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thus
Lo 2k+]
[Ne, w]s Z k1) 522ke_2“612k+1u = Be”?*sinh(2vd;)u,  (A.55)
i @k
so that

ady,, Nz = Be **sinh(2v0,).
Last we check [Ng, Nplsy, = 20{Ng, M=}. When u = 0, the only non vanishing
term in the sum (A.55) is k = 0. Since P Nj = 0,
[ IEa )\IF]*Z\/I = 2”66_2a61/\IFa
but
2W{NG, N} = 20(0, N g0 Np — O 50, NE) = 2vBe 20N, (A.56)
O
Before to go on, let us compute the operator ad,,, A% in order to complete
our collection. We take once again the formula (A.50), with A% and u:

2k+1

’ _ _1\m 2k +1 mAan /! An Am
P () = = 35 (-0 (5 arapapozar (A.57)

m=0

It is clear that A%, can be derived only two times with respect of [ and as
much as we want with respect of a. Then possible n are n = 0,1,2, whose
corresponding m are 2k — 1, 2k, and 2k + 1. Some computations lead to

Pop1 (N, u) = —k(2k + 1)522F 120529201y,
+ (2k +1)52%10,0%u (A.58)
— 22 (1 + [2)e2e Py,
Replacing into the series (A.51), we find
RYIT] P 262'1{2%5( k)(2k+1)2 626% 1,
L2k+1

2k+1 2k
+27(2k+1) (2k + 1)2%+119,0%%u

+
2k+1 2k+1
527%_'_1)2 (1+12)0° }

_ __p.2a72 (QV) 2k—1
= e ﬁakgl k)] kvo;

+ 2Bve*®d, o cosh(2vd;)
— Be®*(1 4 1?) sinh(2v0)).
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Finally,

ads,, Np = —12Be?02 o sinh(2v0;)
+ 2032?10, o cosh(2vd;) (A.59)
—e2*(1 +1%) sinh(2v4)).

Corollary A.15.
The star product &, on R defined for u,v € C*(R) by

(u i v)(r) = (wo T #pr v o T™HT(r) (A.60)
where T = ¢! o j is covariant for the functions X of proposition A.12.

Remark that from general theory of star products, the so-defined =g is a
formal star product on R.

Proof. From definition of %, on the one hand
Ax #FE M) (1) =X oV = Wy s \y)T(r) = X &V = 20{\y, Ny Jr2T(r),
while on the other hand, w® = T*Q, so that
Ny, Avtrz o T = {Xx o T, Ay o T} = {Ax, Ay } R
O

All that makes the theory developed earlier, and in particular proposition
A.8, valid here. So we pose

pr: R — End (CL(R)[[V]])

1 (A.61)
X = o-ader (Ax);
using the explicit expressions of ady,, (N ), we find
pu(H) = (0,, p(E) = 2/‘%672(1 sinh(2vd;). (A.62)

Using (A.19) with Ay = —gl, it is clear that dL(H) = —g{l,u} = [o,u.
Therefore
pu () = dL(H), (A.63)

but the requested identity p,(E) = dL(FE) will not hold. The problem is that
dL(X) = X, is a vector field, while p,(F) comes with (infinitely) multiple
derivatives, hence this is not a vector field. Conclusion: the operator 7 of
equation (A.20) must not act on the variable a.
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First we consider a partial Fourier transform F:

Fu)(a,a) = d(a,a) := —ioly(a, l)dl, A.64
(Fu)(a.o) = ie.0) = o= [ o (A.64)
the inverse being given by
(F~ta)(a,l) = f 24(a, a)do. (A.65)
T
It is clear that Fp,(H)F~! = p,(H), but Fp,(E)F! = Le 2 sinh(2iva).
Indeed, if we define 9(a, «) = sinh(2iva)i(a, @),

(pu (B)F 1) (a,l) = ﬁe*Q"L sinh(2vd;) Je“o‘@(a, a)do

2v *\/27‘(‘

= fy \/ﬂ “sinh(2iav)i(a, a)da (A.66)
_ ﬁe—%(f—l@)(a,z).
2v

This is nothing but the fact that the Fourier transform turns a derivation into
a multiplication.

As can be seen on an asymptotic development, the deformation v parameter
is necessarily purely imaginary, then we can here pose v = if with 6 € R, so
that

F —1 _ @ —2a ;
p(E)F = 59° sinh(2a6). (A.67)
Using (A.19), we find
dL(E) = e 0. (A.68)

Comparing it with the expression of Fp,(E)F 1, we see that (up to constant

factor) we have to act in such a way that sinh(2a6) is converted into a deriva-
tion. This is done by a Fourier transform. We pose £ = sinh(26«) and

Fla,€) = J—fz@fapp

dof = —it].

This suggests us to consider the change of variable

do(a,a) = (a

As usual,

1.
' 59 sinh(20«)),

and finally,
Top:=F LogiolF, (A.69)

where ¢} is defined by (¢fu)(a, @) = u(a, 55 sinh(20c)). The result of our con-
struction is the following which proves that we are in the situation of proposi-
tion A.8.
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Theorem A.16.

Tpop,(E)oT, ' =pBe "0 = dL(E).
Proof. Notice that (¢} Fu)(a,a) = @(a,sinh(20c)), and then define 0(a, ) =
@(a, sinh(260a)); equation (A.67) is

(Fp,(E)F '9)(a,a) = %672(1 sinh(20a)?(a, ).

Applying (¢*) ! on the right hand side, we find 5—5672(1290&&(0,, «). This allows
us to compute

(Topu (B)Ty ula,l) = Bie **F~H(ad)(a, 1)
- —2a 1 ~ . la
= Bie N fu(a, ) (—i)oe™da
= Be™**(Oru)(a,1).

A.2.3 Formula for the product

The fact the 7y intertwines p,, and dL makes that the candidate to be a product
on the AN of SL(2,R) can be computed using formula (A.21). Computations
are rather long and done in the articles [7] and [9] (see particularly point 4),
so we will not give them here. We will also not precise the functional space of
convergence for the resulting product.

In the parametrization
e’ el
(aal) - (0 e—a) ’

of R = AN the form da A dl is a left-invariant measure, so the integral of the
function f: R — IR on R is given by

f f=1 fladadl.
R R2

Remark that da dl is the Liouville measure by proposition A.10. It is important
for definition A.1.
We consider a subset A < Fun(R), and we define the product «f on A by

B 1) (a - E((a ay,ly), (az,l2
(a =™ tb)(ao, lo) RXRKG (( 0 l0), (a1,11), (az,1 )) (A.70)

a(al, ll)b(ag, lg)daldlldagdlg.
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where 1
: R
K (90,91, 92) = H—QAR(go,gbgz)ewS (50.81.92)
with
A (g0, 91, 92) = @ cosh(a; — az) (A.71a)
0,1,2
S§™(g0, 91,92) = @D sinh(2(ag — a1))la. (A.71Db)
0,1,2

Here, the symbol @), ; , stands for a cyclic sum over the indices 0, 1,2

Remark on (formal) star product

One can find a definition of an asymptotic development for oscillating integrals
in [20] under the form

I = f (/NS(@) () Z)‘ncn

It can be shown that such a development used on (A.70) gives rise of a formal
star product:

(a*"b)(g) ~ al9)blg) + %{av b}(g) + 0(6?). (A.72)

A.3 Extension lemma

Let (si,€;)i=1,2 be symplectic Lie algebras and (S;,w;) the respective Lie
groups with left-invariant symplectic forms: (w;)y = (Lg)*$;. We suppose
to know a homomorphism p: 51 — Der(s2) n sp(Q2) and a Darboux chart
o;: 5; — S; for each of the two symplectic Lie groups. Our first purpose is to
build a Darboux chart on the split extension

5 := 651 @) 52.

Remark A.17. Most of the time we are in the inverse situation: we have an
algebra s which turn out to be a split extension 51 @,q 52 for which we have to
check that ad(s;) is a symplectic action of 51 on (s2,22). See the example of
section 3.2.

Proposition A.18.
In this setting, the map ¢: s — S,

d(X1, X2) = $2(X2)¢1(X1) (A.73)

is a Darboux chart.
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Proof. An element X € Ty-1(4)(51 @ s2) = 51 @52 is denoted by X = (X1, X»)
with X; € s;, and the symplectic form on s; @ s is given by

Q((A1, Az), (B1, B2)) = Qu1(A1, B1) + Q2(As, Ba) (A.74)

where we identify s; and T.s;. Let A and B belongs to Ty-1(4)(s1 ®s2). We
have to show that the quantity

0y (0051 ()4, (A0) g1 B)
= e ((ALy)g(d8)g 1 (5) A, (dLg 1), (d0) 51 B)

does not depend on g.

The vector A is represented by a path A(t) = (A1 (t), A2(t)) with A;(t) € s;.
In order to characterise that path, we want first to know precisely what is
A;(0). Since A € Ty-1(4)5, the path must fulfil ¢(A4;(0), A2(0)) = g, or

$2(A2(0))1(A1(0)) = g. (A.76)

We denote A;(0) = G; € 5; and ¢;(G;) = g;. The relation between g; and gs is
g291 = g. In particular, it is wrong to say “A;1(0) = ¢ 1(g), thus ¢;(A1(0)) =
g”. This point being clear,

(A.75)

(@)gipA = S[6A0)] _ = S[oaeiranm)] - (AT
If one particularises to the case A € so, that is A (¢) = cst = Gy,
(d¢) g)A (ng1 )92 (d¢2)G2 As. (A78)

Since g = g1g2, we have L1 = Lg—1 o Lg—l, and the first argument of w,
1 2
in equation (A.75) is

(dLgfl )91 (dLg;1 )9291 (ngl )gz (d¢2)G2 As.

If we write that in terms of the derivative of the path As(t), what we get in
the derivative is

9705 " 02(Ax (g = Adr (g7 6a(4a (1) ) (A.79)
Since g5 ' #(A2(0)) = g5 ' ¢2(G2) = e, the derivative of that term is
(ALg1)g(d0)s1 (A = Adyor (AL, 1)ga(db2)cuA)  (A80)

with some abuse between A € s and Ay € s5. Doing the same computation
with B € s1 (so that Ba(t) = cst = Ga), we find

(@)1 B = [0 (BI0)] = (L) (@) B, (A8D)

t=0
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and what appears in w, reads

(dLg_l )g(dLg2)gl (d¢1)GlB = (dLgl_l )91 (d¢1)G1B' (A82)
Finally, for A € s and B € s,

wy ((dd)g1(q)As (dD)g1 (g B)
— e (Adys [(ALy1) g (d02) AL (AL 1), (A1), B).
(A.83)

The first argument belongs to T'so (because go € s2) while the second belongs
to T'sy. Hence definition (A.74) makes the right hand side vanishing.
If we want to compute equation (A.83) with A, B € 8o,

We (Adgl_l [(dLy1)gs (d62)G, AL, Ad -1 [(dL 1), (dqbg)GQB])
—0(.) = () 40a( )
—

=0

(A.84)

- (Ad;fl QQ) ((dLg;1)92 (dd2)a, A, .. .B)

At this point, notice that Ad;‘1 Qo = 5. Indeed the exponential exp: §1 — S

being surjective , there exists a X; € s; such that Ad(g;) = ead(X1) Now,

ad(X1) € sp(Q2) by assumption, so that Ad(g;) € SP(€Q2). The previous ex-
pression becomes
(AL, 1);u(d02)ca A . B) = (w02)ga (d2) A, .. B)
= (d3w2)a, (4, B) (A.85)
= Oy(4, B).

The last line is the fact that ¢2 is a Darboux chart: ¢jws = Q9. The case with
A, B € s yields to compute

we (AL 1)1 (1), A, (AL 1), (d1), B).
It is done by the same way as the previous cases. O
A direct computation shows the following extension lemma.

Lemma A.19 (Extension lemma).

Let K; € Fun(S3?) be a left-invariant three point kernel on S; (i = 1,2). Assume
that K> ® 1 € Fun(S3) is invariant under conjugation by elements of S1. Then
K := K1 ® Ky € Fun(S?) is left-invariant (under S).
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Proof. An element of S has the form gi1go with g; € S;, the multiplication
being given by (g1g2)(a1a2) = (g1a1)(g2a2). Using this rule, the definition of
the tensor product, and the left-invariance of both Kj,

(Lgyg. (K1 ® K2)) (araz, bibs, cic2)
= (K1 ® K2)((g192)(a1a2), (9192)(b1b2), (g1, 92)(c1¢2))
= Ki(g1a1, g1b1, g1c1) K2(g2a2, g2b2, gac2)
= Ki(a1,b1,c1)Kz(az, bz, c2)
= (K1 ® K3)(a1a2,b1bz, c1c2).

O

This lemma shows that if one has kernels on S; and S, satisfying the
above hypotheses, their tensor product provides a kernel for an associative
left-invariant kernel on S = 51 ®, S2. Proposition A.18 allows us to hope that
the product on S will satisfy the same kind of symplectic compatibility as the
products on S;; in particular when the latter were constructed using Darboux
chart in the same way as the product described in section A.2.

A.4 Deformation by group action

The procedure of deformation by group action is described in [13]. Let G be a
Lie group. We suppose to know a subset A% of Fun(G, C) such that

1. A% is invariant under the left regular representation of G on itself,

2. A% is provided with a G-invariant product *& such that (A%, «%) is an
associative algebra. The G-invariance means that Va,be A%,

(Lya) «C (Lyb) = Lj(a x4 b).

Notice that we do not impose any regularity condition on this product.
The reason is that the deformation by group action is a formal procedure which
allows to guess a product on a manifold. The “true” work to prove convergences
and invariances has to be done on the level of the deformed manifold.

Now, let X be a manifold endowed with a right action 7: G x X — X
of G. For u € Fun(X), x € X and g € G, we consider o®(u) € Fun(G) and
ag(u) € Fun(X) defined by

a®(u)(g) = ag(u)(z) = u(ry—1(2)), (A.86)
and the following functional space on X:

AX = {u e Fun(X)|a®(u) € A°Vz e X}.
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For example, the AX corresponding to A® = Fun(G) is the whole Fun(X). For
u, v € AX, we define ¥ : A% x AX — Fun(X)

(u*X v)(z) = (" (u) *G a”(v))(e) (A.87)
where e is the identity of G.

Theorem A.20.
The product (A.87) obtained by action of the group G on the manifold X fulfils
the following properties:

1. The operation o intertwines the products x* and *©:

o (u X v) = (a®u) *¢ (a®v).

2. AX is stable under x¥X,

3. (AX,*X) is an associative algebra.

Proof. First remark that a1 Py = L%a®u because

(oo @) (h) = u(7(gny-1 () = (@"u)(gh) = (Lia"u)(h),
It follows that

o (u ¥ 0)(g) = (ux v)(rys (1)) = (75 Pux® a7t ) o)

= [L¥(a"u *C a®v)] (e) = (a"u*% a®v)(g).

The first point is proved.
Using the first point, we see that as=* @y belongs to AC because a®u € G
and AC is stable under Ly. So we have the second point. For the third one,

[(ux™ v) «¥ w](2) = (" (u ™ v) + a®(w)) (€)

@
= ((a"u «& %) o (w))(e).
The conclusion follows from associativity of €. O

Let us summarize what was done up to now. When G acts on X, and when
we have a “good” product on A9 = Fun(G), we are able to build an associative
product on AX < Fun(X). The space AX is defined by A and the action. So a
deformation of a group gives rise to a deformation of any manifold on which the
group acts. This is why we call it an “universal” deformation. That universal
construction is the motivation to deform groups.

Lemma A.21.
A function u belongs to AX if and only if there exists one y such that o¥(u) €
AC in each g-orbit in X.
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Proof. The necessary condition is direct because, when v € A%, the function
a®(u) belongs to A for every . For the sufficient condition, suppose a¥(u) €
A% then a9 (u) = Ly, (a¥u) € A% for all g because A is left-invariant. If it
holds for a y in each G-orbit, then a®u € A% for all z € X. O

The content of this lemma is that if one wants to check if a given function
u belongs to AX, one only has to check is a¥u € A® for one y in each G-orbit.

The functions o (u) are not “gentle” functions, even when w is. Let us give
two examples of pathology that can occur in o®(u) without to be present in w.
Firstly, if the action is the identity, the support of o®(u) is the whole G which
can be non compact. So, even when u is compactly supported, there are no
guarantee with respect to the support of a* (u).

Secondly, the function a*(u) is of course bounded; but the derivatives are
not specially such. Indeed, in order to fix ideas, suppose that the group G is a
two parameter group and that the manifold X is a two dimensional manifold.
In this case, one can write

fla,l) = a®(u)(a,l) = u(zl(a,l),ZQ(a,l)) (A.89)

where x is a parameter in the functions z;. Depending on the action, the
function z can be very odd. In particular, the derivatives

(Oaf)(a,1) = (1u)(21, 22)(0az1)(a, 1) + (O2u)(z1, 22)(0a22)(a, )

in which 0,2; can be divergent. Even worse, the degree of the divergence
can increase with the degree of the derivation. Two examples of such a hill
behaviour are given in section 3.1.

A.5 One dimensional split extensions of Heisen-
berg algebras

A.5.1 Introduction

The one dimensional extensions of Heisenberg algebras are classified by triples
(X, i, d). The quantization in the case (id, 0, 1) reveals to be a particular case
of the one studied in [9], while quantization of other extensions can be found
using symmetries of the kernel. Here we are reporting results of [17] and most
of proofs (in particular the trick of subsection A.5.6 which allows to extend
the known product to every one dimensional split extensions) are due to Y.
Voglaire. It is to be published in his future PhD thesis.

The kernel of the quantization of [9] will be denoted by K. Then we will
give a way to twist K in order to obtain a kernel K’ on any extension of the
form (X, 0,2). Quantizations of other extensions can be obtained by composing
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with Lie group isomorphisms. The kernel for an arbitrary extension is denoted
by Ko(X, p,d), or simply Ky when there are no possible ambiguity.

When we will deal with the anti de Sitter situation, our starting point will
be this Ky that we will have to adapt to another symplectic form that §E*
invoking lemma A.29.

A.5.2 General definitions

Let 5%, =V ® RE be the Heisenberg algebra of dimension 2n + 1, with a
natural symplectic structure defined from the Heisenberg algebra structure:

[v,w] = Qv,w)E

for all v, w € V. Now we consider a one dimensional algebra A = IR A generated
by an element A, and we build the split extension of 7%, by A:

Flp) =A@, 7, (A.90)

where the split homomorphism is an action by derivation p: A — Der(J7,).
The so obtained algebra is what we call a one dimensional extension of
Heisenberg algebra. Let us study the possibilities for p(A4). From linearity,
its general form is

p(A)(v, z) = p(A)(v,0) + p(A)(0, 2) = (Xv, u(v)) + (20, 2dz)

with X € End(V'), pe V* vy € V and d € R. Since RE = [J%,, 7], the fact
that p(A) is a derivation of 4%, implies that vy = 0 because

AARE = p(A)[H, 7] = [p(A)Hor, K] + [, p(A)Ho] © RE. (A91)

Thus we have
p(A)(v, 2) = (Xv, u(v) + 2dz). (A.92)

From commutation relations in .77, we easily find
[(v,2), (v, 2")] = [v, 0] = Q(v,0") E.

Applying p(A) to this equality, and using the fact that this is a derivation, we
find

QX,v")E + Qv, X"V E = p(A)Q(v,v")E = 2dQ(v,v")E

which can be rewritten as

QX —d1)v,v') + Qv, (X =d 1)) =0. (A.93)
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In conclusion, the endomorphism p(A) is given by a triple (X, u, 2d) with (X —
d1l) € sp(V,Q), p € V¥ and d € R. Using this result, we write the general
commutator on R = A®, 7, under the form

[(a,v,2),(a",v,2")] = (0,X(av" — a'v), p(av’ — a'v) + 2d(az’ — a'z) + Q(v,v"))

(A.94)

where we adopted the notation

(a,v,2) = aA +v + 2E. (A.95)
A.5.3 Symplectic structure
The following proposition gives a symplectic structure on F.
Proposition A.22.
The algebra (X, u,d) endowed with

QOF = —6E* = E*([,,.]) (A.96)

where the star denotes the Chevalley cocycle defined by (B.91) is symplectic if
and only if d # 0.

Proof. Tt is evident that Q7 is closed because it is exact. For non-degeneracy,
we compute

QF = E*[.,.] = ap(v') — d’pu(v) + 2d(az’ — da'z) + Q(v,0")

0 u 2d
=|-put Q 0
—2d 0 O
whose determinant is det Q% = —4d? det  which is non vanishing if and only

if d # 0.
O

This symplectic algebra is denoted by Fq (X, i, d), or simply F when there
are no possible confusions.

Since we are only interested in symplectic algebras, we suppose d # 0 and
we look at extensions of type (dX, du, 2d) with X —d1 € sp(V, Q). The bracket
is given by

[(a,v,2),(a’,v', 2")] = (0,dX(a’v—a"v), du(av’ —a'v)+2d(az’'—a'z) + Q(v,v")).
(A.97)
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A.5.4 Isomorphisms

The extension obtained by the derivation D = (X, u, d) is a priori not the same
as the one obtained by D' = (X', 1/, d’). Two extensions are isomorphic when
there exists a linear bijection dL: Fp — Fp/ such that?

dL([X,Y]p) = [dL(X),dL(Y)],, (A.98a)

(dL)*QP" = QP. (A.98b)
We find the following isomorphisms:
o F(dX,dpu,2d) ~ F(X, u,d) by

dL(a,v,z) = (da,v, z), (A.99a)

o F(X,p,2) ~F(X,0,2) by
dL(a,v,z) = (a,v + au, 2), (A.99b)
where u is the vector of V' satisfying i(u)Q = p,
« F(X,0,2) ~ F(X',0,2) by
dL(a,v,z) = (a, M(v), 2) (A.99¢)
where M € SP(V, Q) fulfills MXM ! = X’ or, equivalently,

M(X-1)M~!' =X'—1.

The third isomorphism only gives the equivalence between X — 1 and X' — 1
when they belongs to the same orbit of the adjoint action of SP(V;Q). In
particular, there are no isomorphisms between the identity and anything else.

A.5.5 Reminder about a previous deformation

Before going on with the construction of a deformation of one dimensional split
extensions of Heisenberg algebras, we have to recall a result on deformation in
SU(1,n). The product on the extension of Heisenberg algebra will be nothing
else than a transport of this one.

The article [9] provides a formal universal deformation formula for the ac-
tions of the Iwasawa component Rg := AgNg of SU(1,n) under an oscillatory
integral form. It turns out (see [15]) that this deformation formula is in fact
non-formal for proper actions on topological spaces.

4the reason why we write dL instead of L comes from the fact that we will be interested
in the corresponding group isomorphism later.
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Here is the precise result. The Iwasawa decomposition of SU(1,n) induces
the identification Ry = SU(1,n)/U(n). The group Ry is endowed with a (family
of) left-invariant symplectic structure(s)® w. If we denote by Ro = Ay @ Ny
the Lie algebra of Ry, the map

¢0: Ro — Ro

(a,n) — exp(a) exp(n) (A.100)

reveals to be a global Darboux chart for (Rg,w). The nilpotent component
appears to accept a decomposition Ay = V x RZ in which the Lie bracket
reads
[(x,2), (2',2")] = Qv(z,2') Z;

the full Iwasawa component is now parametrized by Ry = {(a,v,z2)|,a,z €
R;x € V}. The interest of this situation resides in the fact that the algebra
Ro turns out to be a one dimensional split extension of an Heisenberg algebra,;
namely,

Ro = F(1,0,2).

The deformation result is the following.

Theorem A.23.
For all non-zero 0 € R, there exists a Fréchet function space &y satisfying the

inclusions CF(Rg) € &y < C*(Ryo), such that, defining for all u,v € C¥(Ry)

1
(u *xg v)(ao, o, 20) := i f cosh(2(a; — az))
RoxRo

[cosh(ag — ag) cosh(ag — ay) ]4imRo=2

21
X exp (5@(7“1 , T2, T3))

x u(ay, 1, z1) v(ag, T2, 22) dadx dz;
(A.101)

where

o(r1,r2,73) =Sv(cosh(a1 — a2)xo, cosh(as — ag)x1, cosh(ag — (11):62)

— @ sinh(2(ap — a1))22

0,1,2

with Sy (xo, x1,x2) 1= Qv (o, x1) + Qv (a1, 22) + Qv (z2,20) is the phase for
the Weyl product on CF (V') and @, , 5 stands for cyclic summation, one has:

1. u*gv is smooth and the map CF(Ro) x CF (Ro) = C*(Ry) extends to an
associative product on &y. The pair (&g, xg) is a (pre-C*) Fréchet algebra.

5This is done using the hermitian symmetric structure, cf proposition 1.1 in [9].
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2. In coordinates (a,x, z) the group multiplication law reads
’ ’ 1 ’
Liaa,z(d,2',2") = (a +a ez +al e 242 + v (@, 2l)e™ ) :

The phase and amplitude occurring in formula (A.101) are both invariant
under the left action L : Ry x Ry — Rp.

3. Formula (A.101) admits a formal asymptotic expansion of the form:
4 2
UrgV ~ UV + y{u,v} + O(0%);
i

where {, } denotes the symplectic Poisson bracket on C*(Ro) associated
withw. The full series yields an associative formal star product on (Ro, w)
denoted by *p.

The setting and 1. and 2. may be found in [9], while 3. is a straightforward
adaptation to Rg of [15].

This theorem among with the isomorphisms given in A.5.4 only provide
a product on extensions of type (d1,0,2d). But we saw that the extensions
(X,0,2d) with X # 1 are different. Hence the generalization of this result to
other extensions is not straightforward. We address now this question.

A.5.6 Extensions with non trivial X

The group F(1,0,2) is provided with a kernel K: F x F' x F' — C by theorem
A.23. The symplectic group SP(V, Q) acts on F by

o: SP(V.Q) x F—>F

(Mal(aavaz)) ad q)IVI(I(a,U,Z)) = I(G,M(v),z) (A'102)

where
I: F—>F

aA_n
)
(a,n) — e*e

(A.103)

is the Iwasawa coordinate on F'.

Proposition A.24.
The kernel K is invariant under this action: ®%,K = K.

Proof. We are looking on the kernel in expression (A.101). The amplitude of K,
i.e. all what lies outside the exponential, and the cyclic sum in the phase only
depend on the a;’s. So ®,; does not act on them. As far as Sy is concerned,
up to coefficients which only depend on the a;’s, it is a sum of elements of the
form Q(Mwv;, Mv;) = Q(v;, v;). O
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Let X be a matrix such that X = X — 1 € sp(V,Q) and F’' = F'(X,0,2).
We consider S, the one dimensional subalgebra of sp(V, ) generated by X and
we define

G=8S®,F (A.104)
with
p(X)(a,v,2) = (0,Xv,0).

We denote by G and S the corresponding groups. We have in particular F' ~
G/S. An element of G has the form

(kX,a,v,2) = kX +aA +v + 2E. (A.105)

Proposition A.25.
The group F' is a subgroup of G.

Proof. We will prove that F’ is isomorphic to a subalgebra of G, namely, the
subalgebra L € S @, F,

L=R(A+X)®, (V+RE)

where o is the splitting homomorphism (A.92) of F, which in the present case
reads (A + X)(0,v, z) = (0, Xv,2z). In other words, the algebra £ is made of
elements of the form (A.105) with k = a. The isomorphism is

¢ L — F'(X,0,2)

_ (A.106)
a(A+X)+v+z2zE—aA+v+zE.

Indeed, using formula (A.97) with d = 1 and p = 0, we find
[qﬁ(a(A +X)+0v+2E),¢(d(A+ X))+ + z'E)](X 02)

= [aA +v+zE d AV + z'E]

= X(av' — a'v) + (2(az’ — a'z) + Q(v,V")) E

= ¢(X(av' — a'v),2(az’ —a'z + Q(v,v")))

= ¢la(A+X) +v+2E,d'(A+X) + v +2E].

O

From now on, we identify F’" with £ by the isomorphism ¢ which will no
longer be explicitly written. Image of F’ in G by the isomorphism are elements

of the form

gl — €a(A+X)€U+ZE.
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Since the elements e and eX commute in G, we can decompose an element
¢ (g') as i
eaX eaAev+zE ]
—_—— —
es eFr

The element a(A + X) + v + zE seen in S ®, F will be denoted by (a,v, z) as
well
(a,v,2) = ¢ Y(aA +v + 2E).
We consider the following coordinate on F”:
J: F'— F'
(A.107)

(a, ’U,Z) N ea(A+5()ev+zE-

Proposition A.26.
The group F' is diffeomorphic to the homogeneous space F ~ G/S.

Proof. We will prove that F’ acts simply transitively on G/S. Let us look at

g =J(a,v,2) = e(AF+X) v tzE (A.108)

95 e
Noticing that ¢*X[e] = [¢**] = [¢] we find

g'[e] — o0X oA v t2E —aX jaX [e] = Ad(eax) (eaAev+zE) [e].
In G = S®,F, by definition of p, we have Ad(eX) (evdevt=F) = e‘”‘eeax””E,
thus ¢'[e] = eaAeeax”+ZE[e] — [I(a,e"Xv, 2)]. So, in order to get the element

[I(a,v,2)] € G/S, we have to act on [¢] with the element ¢’ = J(a,e v, 2).
All that proves that the map

H:F' - G/S
% (A.109)
(a,v,2) > [I(a,e*v, 2)]
is a diffeomorphism. O
The work done up to now provides a diffeomorphism
po: F' > F
- (A.110)

¢(J(a,v,2)) = I(a,e®v,z2)
which has suitable properties listed in the proposition below.

Proposition A.27.
This map p: F' — F has the following properties:
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1. if ¢' = J(a,v,2) = g59} in the sense of decomposition (A.108),

@ o ng = Ad(gfsv) @) Lg% o = q)eax o Lg% oY = q)g's o Lg;? o, (Alll)
2. the differential fulfils

d(e ° J)0,0,0) = dL(0,0,0) (A.112)

3. if w is the left-invariant symplectic form on F and ' the one on F', we
have

prw=u',
in other words, p is a symplectomorphism.

Proof. The first point is a computation:

¢(Lgyg, (9598)) = (9595 Ad(g5")(g7)9r)
= Ad(gs9s)(Ad(g95")(gr)9r)
= Ad(gs)(gF Ad(gs)(9r))
= (Ad(gs) 0 Ly, ) (¢(9s9r))-

When ¢’ = g59% = J(a,v, z), we have g5 = exp(aX) and g = I(a,v, 2), so
the result is given by

Ad(g5)(g5) = M X I(a,0,2) = I(a,e™v,2) = BaxI(a, v, 2).

That concludes the proof of the first point. For the second statement, we have
(50 © ‘])(0’5 v, Z) = q)eaXI(a’a v, Z)a SO

d
d(@ o J)(O,O,O) (Ym Yo, Yz) = E [q)etya I(tYaa tYy, th)]

_ i tY.X ]
—dt[l(tYa,e £Y,,, £Y2)

= dI(O,O,O) (Ym Yo, Yz)

(A.113)

For the third point, we denote by e and €’ the neutral of F' and F’. On the
one hand,

(p*w)g = we(g) © dipg = we 0 d(Lip(g)-1 © (p)g”
on the other hand, w), = w;, o d(L(gl)—l)gl. Hence, in order to have p*w = ',
it is necessary that

wé, o dJ(O,O,O) = We O d(L 10po Lgl)e’ o dJ(O,O,O)‘

w(g)~
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But, for ¢’ = gg}, we have

Ly(gh-1 090 Ly(9) = ¢(g) " elg'g)
= o(g") ' Ad(gs) (9re(9))
= Ad ((97)") Ad(gs) (9r#(9))

The first property yields
d(Lap(g’)_l opo J) (0,0,0) — Ad(gls) © dI(O,o,o) = d(Peax ). 0 df(o,o,o)-

Since w, is invariant under ®..x, it remains to be proved that w., o d.J(,0) =
we 0 dl(g,0,0)- This is true because, in these coordinates, both sides applied on
vectors (Yy,Y,,Y,) and (Z,, Z,, Z,) give

2(YaZz - Zayrz) + Q(YU) Z’U)a

so @ is a symplectomorphism.

Now, if K is the kernel on F, we define the kernel on F’ by

K:F xF' xF - C
e (A.114)
= (P .
Theorem A.28.
The kernel K' is
o left-invariant under F”,

e associative on F'.

Proof. For left-invariance, let ¢’ = J(a,v,z). We have
* *
L;,K' = ((p o LJ(a,uz)) K= (@eax oLg o (p) K= (p*L;%@:axK =K',

because of left-invariance of K under F' and its invariance under ®. Associa-
tivity can be checked in much the same way as in lemma A.2. O

Let F = F(1,0,2) and F' = F'(X,0,2). By proposition A.24, the kernel
K on F is invariant under SP(V,Q), i.e. ®%,K = K for all M € SP(V,2). The
action of SP(V, ) on F is given by

Py (I(a,v,2)) = I(a, Mv, z).
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Define the map ®,: F' — F,
'y (J(a,v,2)) = J(a, e X Me Xy, 2) (A.115)

which fulfils
Dprop=pody.
Thus, using the SP(V, Q)-invariance of K, we have
MK = (podhy)* K = (dmo¢)*K ="K = K'.

This proves that K’ is also invariant under SP(V, Q) too.

A.5.7 Jump from one kernel to another

We have a kernel for the extensions Fsgx«(d1,0,2d) and Fsg«(X,0,2). We can
consider the isomorphism L: F(X,0,2) — F(dX,du,2d) which is the lift of

dL: F(X,0,2) —» F(dX,du,2d)

(a,v,2) = (da,v + au, z). (A.116)
If K’ is a kernel on Fspx« (dX, du, 2d), then
Ko = L*K'
is a kernel on Fspx(X,0,2).
An action ®o(M): F(dX,du,2d) — F(dX, du, 2d) is given by
Oo(M) =Lt od(M)oL (A.117)

where ®'(M): F(X,0,2) —» F(X,0,2) is given by equation (A.115). By lemma
A.2, the kernel K is left-invariant under the action of F' and invariant under
the following action of SP(V, ):

Bo(M)* Ky = Ko.

Lemma A.29.
Let on* and 0£* be two exact forms on F such that £* and n* belong to the
same coadjoint orbit: there exists a g € F' such that

§* o Ad(g) =n*. (A.118)
A solution of the problem to find an automorphism o: F — F' such that
0y (don X, donYh) = 6&; (Xn, Yh) (A.119)

for all he F and Xy, Yy, € Ty F is given by o = Ad(g™1).



106 APPENDIX A. DEFORMATIONS

Proof. Transported to the identity, the condition (A.119) becomes:

577* (dLa(h)_ldUhXhadLU(h)_l dath) L 66* (dLh—th, dLh—1Yh>
= 677* ( Ad(g_l)dthth; Ad(g_l)dthth) .

If X, = %Xh (t)|t:0, we are searching for a o such that

d d

—o(h) o (Xn(t =—|Ad(g™") (W' Xn(t .

ZlowTe(w)| = [ Ade T xw)]
Since ¢ is a group isomorphism, o(h)™! = o(h™!) and the constraint on o
becomes

O’(hith(t)) = gil(hleh(t))g.
A solution is therefore
o=Ad(g™"). (A.120)



Appendix B

Toolbox

B.1 Connectedness of usual groups and anti de
Sitter spaces

B.1.1 General results

The following is a general result about Lie groups:

Lemma B.1.

If G is a Lie group and Gy is its identity component, the connected components
of G are lateral classes of Gy. More specifically, if x € Gy, then G1 = Gy =
G()x.

An other general result is lemma 2.4 of [25] states that

Lemma B.2.
Connectedness of some usual groups:

e The groups SU(p,q), SU*(2n), SO*(2n), p(n,R), and SP(p,q) are all
connected.

o The group SO(p,q) (0 < p < p+q) has exactly two connected components.

We are not going to prove this lemma here. Instead, we give some detail on
the geometric nature of the two connected components of SO(p, q); a physical
discussion in the case of SO(1,3) can be found in the reference [33]. What is
proved in [25] is that SO(p, ¢) is homeomorphic to the topological product

SO(p,q) = SO(p,q) nSU(p + q) x R* = SO(p,q) n SO(p + q) x R*

107
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for some d € N. Hence an element of SO(p, q) reads

(4 %) e
0 B
where v € R?%, A € O(p), B € O(q) are such that det Adet B = 1. The v
part corresponds to boost while A and B correspond to pure temporal and
pure spatial rotations. An element of O(n) has always determinant equals
to £1. Therefore one can decompose the rotation part as (det A = det B =
1) ® (det A = det B = —1). Both parts are connected.

Hence the first connected component contains 1 while the second one con-

tains the element that simultaneously changes the sign of one spacial and one
temporal direction.

B.1.2 The quotient for anti de Sitter

Homogeneous space considerations (see section B.9) will naturally lead us to
define the anti de Sitter space as the quotient G/H = SO(2,1—1)/SO(1,1—1)
while the black hole definition (section 1.2) needs to consider Iwasawa decom-
positions of G. So we face the problem that the Iwasawa theorem B.9 only
works with connected groups. In order to prevent any problems of this type,
we prove now that, if Gy and Hy denote the identity component of SO(2,1—1)
and SO(1,l — 1) respectively, then G/H = Gy/Hy.

The groups that are considered here have only two connected components
Go and G1. We can chose i1 € G1 n H such that z% = 1. Using lemma B.1, it
easy to prove that

» GoGy = Gy,
e GoG1 =Gy,
o (G1G1 = Gy.

For the last one, take g and ¢’ in G;. Then consider gy and g in Gy such that
g = goi1 and ¢’ = gpyir. If go(t) and g((¢) are path from 1 to go and g{, then
the path go(t)i1gf(t)ir is a path from 1 to gg’.

Proposition B.3.
The map

lg] = 90

where we define go = g when g € Gy or go = gi1 when g € Gy is a diffeo-
morphism. The classes are [g] = {gh | h € H} and § = {gho | ho € Ho}.
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Proof. First we prove that 1 is well defined. For that we suppose that [g] = [¢'].
There are three cases:

1. The elements g and g’ both belong to Go. In this case, ' = gho with
ho € Hy and gh = 3.

2. The element g belongs to Gy while ¢’ belongs to G1. In this case, ¢’ = gh
with h = hgiy and hg € Hp. Then ¢[g] = g and ¢[¢'] = (ghoi1)o =
ghoirin = gho =3.

3. The case with g and ¢’ in Gy is similar.

The fact that the map ¢ is surjective is clear. For injectivity, let ¥[g] =
¥[g'], i.e. there exists a hg in Hy such that g = goho. Thus we have ¢'i
git ho with k,1 = 0,1 following the cases. Then ¢’ = gi}hoi¥ in which i} hgi¥
belongs to H, so that [¢'] = [g].

B.2 Iwasawa decomposition of Lie groups

In this section, we show the main steps of the Iwasawa decomposition for a
semisimple Lie group. We will by the way fix certain notations. For proofs, the
reader will see [28] VI.4 and [24] IIL,§ 3,4 and VL§ 3. In the whole section, G
denotes a semisimple group, and g its real Lie algebra. The two main examples
that are widely used during the thesis are SL(2,IR) and SO(2,n).

B.2.1 Cartan decomposition

Definition B.4.
An involutive automorphism 6 on a real semi simple Lie algebra g for which
the form By,

By(X,Y):= —B(X,0Y) (B.2)

(B is the Killing form on g) is positive definite is a Cartan involution.

Proposition B.5.
There exists a Cartan involution for every real semisimple Lie algebra.

See [24], theorem 4.1. Since 62 = id, the eigenvalues of a Cartan involution
are +1, and we can define the Cartan decomposition g
g=t@p (B.3)

into +1-eigenspaces of # in such a way that § = (—id)|, @ id|e. These
eigenspaces are subject to the following commutation relations:

[e,e]ce [ep]lcp, [p,p]Ct (B.4)
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The dimension of of maximal abelian subalgebra of p is the rank of g. One can
prove that it does not depend on the choices (Cartan involution and maximal
abelian subalgebra). Let a be one of such maximal abelian subalgebras.

Lemma B.6.

The set of operators ad(a) is an abelian algebra and the elements are self-
adjoint.

B.2.2 Root space decomposition

From the lemma, the operators ad(H) with H € a are simultaneously diag-
onalisable. There exists a basis {X;} of g and linear maps \;: a — R such
that

For any \ € a*, we define
gr={Xegl|(adH)X = \NH)X,YH € a}. (B.5)

Elements 0 # X € a* such that g # 0 are called restricted roots of g. The
set of restricted roots is denoted by X, and have the important property to
span (among with a itself) the whole space:

g = go ®xrex O, (B.6)

see [24] theorem 4.2 for a proof. This decomposition is called the restricted
root space decomposition. Other properties of the root spaces are listed in
the following proposition.

Proposition B.7.
The spaces gy, satisfy also:

L [gx: 8] S Oatps
2. 0gx = g_x; in particular, when X belongs to ¥, —\ belongs to ¥ too,

3. go = a® Z¢(a) orthogonally.

B.2.3 Iwasawa decomposition

Definition B.8.
Let V' be a vector space. A positivity notion (see [25], page 154) is the data
of a subset V't of V' such that

1. for any nonzerove V,veV*t xor —ve VT,

2. for any v, w € VT and any p € R™, the elements v + w and pv are
positive.
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A positive element of V is an element of V. When v is positive, we note
v > 0. Let us consider a notion of positivity on a* and denote by Xt the set
of positive roots. We define

n:=@rex+Hx. (B.7)
The Iwasawa decomposition is given by the following theorem ([28], theorem
5.12):
Theorem B.9.

Let G be a linear connected semisimple group and A = expa, N = expn where
a and n are the previously defined algebras. Then A, N and AN are simply
connected subgroups of G and the multiplication map

¢p: AXNxK—>G

(a,n, k) — ank

(B.8)

is a global diffeomorphism. In particular, the Lie algebra g decomposes as vector
space direct sum

g=a®ndt. (B.9)

The group AN s a solvable subgroup of G which is called the Iwasawa group,
or Twasawa component of G.

Notice that A, N and K are unique up to isomorphism. Their matricial
representation of course depend on choices.

B.3 Introduction to homogeneous spaces

Most of the material of this section can be found in a more general framework
in the references [24, 30, 31, 34].

B.3.1 Fundamental and invariant fields

Let G be a Lie group with Lie algebra g. For each element of g, there are two
distinguished vector fields on G, the left-invariant and the right-invariant
one:

= d tX o drx ]
X = dt [ge ]t:O )fg Todt [e g t=0 (B.10)
dLp X, = Xy AR Xy = X gp. (B.11)

When G is a Lie group with an action on the manifold M denoted by
T:GxM—>M

(9.2) = 7(a) (B12)
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we define the fundamental vector field associated with X € g on the point
x € M by

d
X* = _[ _ ] . B.1
2= @] (3.13)
An usual case is the one of a Lie group acting on itself for which we have
X* = i[e*”{g] (B.14)
9 dt t=0 ’

B.3.2 Homogeneous spaces

An homogeneous space is a differentiable manifold which posses a transitive
diffeomorphism group. An important class of homogeneous spaces are quotients
M = G/H of a Lie group G by a closed subgroup H. In this case, we use the
classes at right:

[9] ={gh|he H}
and the action at left:

7lg'] = 9]

The canonic projection is 7: G — M and we denote 9 = [e]. We will only
deal with this kind of homogeneous spaces. The Lie algebras of G and H are
denoted by g and b respectively.

One know that (almost) every homogeneous space is of this kind in the
following way. Let M be a homogeneous space and ¥, a point of M. We
consider G, a group which acts transitively on M (in particular, GY = M) and
H, the subgroup of G which fixes ¥. Then, one proves that the map [¢g] — g9
is a homogeneous space isomorphism between M and G/H.

One can prove that ker(dr.) = b, and from the very definition of the objects,
one has

dmgodLgy = dry o dme. (B.15)

For sake of simplicity, we will use the notation pg = 74 o 7.

The homogeneous space G/H is endowed with its natural topology which
is defined by the requirement that the projection 7 is continuous and open. We
refer to [24] for the properties of that topology.

Definition B.10.
The homogeneous space M = G/H is reductive is there exists a subspace q of
g such that

g=q®b [b,q] < q.

Proposition B.11.
In an reductive homogeneous space, the restriction of the projection dm.: q —
TyM is an isomorphism.



B.3. INTRODUCTION TO HOMOGENEOUS SPACES 113

Proof. The map dr.: g = q@®bh — TyM is of course surjective; then, since b
is the kernel, dm.: q — TyM must be surjective too. Now, if we have dr. X =
dr.Y for Y, X € g, the difference (X —Y’) must belongs to the kernel of dr,
which is nothing but . This situation is impossible because g = h @ q is a
direct sum. O

We can generalize this proposition by considering the space q, = dLg4q.
Using equality (B.15), the map dmy o dLy: q — T M is an isomorphism.
Since, by definition, the map dLg-1: qy — q is an isomorphism, we conclude
that

Corollary B.12.
The restriction dmg: qg — Tig1M is a vector space isomorphism.

B.3.3 Killing induced product

Since the Killing form B is an Adg-invariant product on q, we can define

By(X,Y) = Be(dLy,1X,dL, 1Y) (B.16)
which descent (see [27] for properties) to a homogeneous metric on T, M:
Big(dnX,dnY) = By(pr X,prY’) (B.17)

where pr: T,G — dL4q is the canonical projection. An useful property of that
projection is pr(dL,X) = dLysX¢o when X = Xg + Xpg. Using that property,
we can write the product under the more manageable form

By

1(dpg X, dpgY) = Be(pr X, prY’)

forall X, Y eg.

Although equation (B.14) looks like (B.13), we find a major difference here:
the norm of ¢f[g] is not a constant. One should expect that it was a constant
because (B.13) expresses a left translation while the Killing form is invariant
under left translations. But the metric (B.17) is a composition of the Killing
form with a projection. Let us study this case in details in computing the
product of two vectors of the form

Xy = dﬁ% [eitxg]tzo’
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with X € g:

By

q]

o (pr [ g]t=0’ Pr % [e_ty‘q]t=0>
(

=B
= B,(dL, prAd “1X,dLypr Ad(g )Y)
= B.((Ad(g™)X),, (Ad(g™")Y),)
# B,
B

(Ad(s™)x5, Ad(g7)Y5)

where the symbol # has to be understood as “not equal in general” because
equality holds of course for certain particular vectors such as zero.

B.4 Toolbox for SL(2,R)

B.4.1 Iwasawa decomposition

Let G = SL(2,R) the group of 2 x 2 matrices with unit determinant. The Lie
algebra g = sl(2,R) is the algebra of matrices with vanishing trace:

g = {X € End(R?) | Tr(X) = 0}
- {@ —yx) with z,y, 2 € IR} _ (B.18)

The following elements will be intensively used:

H=((1) _Ol)a E=(8 é) F=<(1) 8) T=<—01 (1)>

where T' = E — I has been introduced for later convenience. The commutators
are

[H,E] = 2E [T,H] = —2T (B.19a)
[H,F] = —2F [T,E]=H (B.19b)
[E,F]=H [T,F]=H. (B.19¢)

Notice that the sets {H,E,F}, {H,E,F} and {H,E + F,T} are basis. A
Cartan involution is given by #(X) = —X? and the corresponding Cartan
decomposition is

¢ = Span{T'}
p = Span{H, FE + F}
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Up to some choices, the Iwasawa decomposition of the group SL(2,R) is
given by the exponentiation of a, n and &

a=Span{H} n=Span{E} &= Span{T}, (B.20)
so that
e 0 1 1 cosk sink
A= (0 e‘“) N = (0 1) K= (— sin k cosk:) ' (B.21)
A common parametrization of AN by IR? is provided by
(@n= (< (B.22)
' 0 e )" '
One immediately has the following formula for the left action of AN on itself:
a+a’ a+a'qr a—a’ ,
Lty = (07 LT <@ e,
El 0 e a—a

In this setting, the inverse is given by (a,l)~! = (—a, —1€2?).

B.4.2 Killing form
The Killing form B(X,Y) = Tr(ad X o adY) takes the following values:

B(T,H)=0 B(H,H) =8 (B.23a)
B(T,E) = —4 B(E,E) =0 (B.23b)
B(H,E) =0 B(T,T) = —A4. (B.23c)

Expressed in the basis {H, E, F'}, the matrix of the Killing form reads

8
B = 4 (B.24)
4

while, in the basis {H, E + F, T}, we find
8
B= 8 . (B.25)
-8

The latter is the reason of the name of the vector T: the sign of its norm is
different, so that T is candidate to be a time-like direction.
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B.4.3 Abstract root space setting

Looking on the table (B.19) from an abstract point of view, we see that E
and F are eigenvectors of ad(H) with eigenvalues 2 and —2. So a = g9 = RH;
go = RE; and g_» = RF. Using a more abstract notation, the table of SL(2, R)
becomes

[Ao, A2] = 24 (B.26a)
[Ag, A 2] = =24 , (B.26b)
[AQ, A_Q] = Ao. (B26C)
B.4.4 TIsomorphism
As pointed out in the chapter II, §6 of [29], the map (seen as a conjugation in
SL(2,0C))
: SU(1,1) - SL(2,R
¢: SU(L1) ( 71) (B.27)
U— AUA
with A = (1 i) is an isomorphism between SL(2,R) and SU(1, 1).

B.5 Root spaces for so0(2,1)

The algebra s0(2,1) is made up from 3 x 3 matrices such that X'n +nX =0
with vanishing trace. If we choice n = diag(—, —, +), we find matrices of the

form .
a u
50(2,1) ~ (u 0)

where a is an antisymmetric 2 x 2 matrix and u is any 1 x 2 matrix. We find
the Cartan decomposition

0 0 U1
KM<50(2> O>, Pol0 0 w
U1 (V%) 0

If one chooses

0
J=10
1

as generator for the abelian subalgebra of P, one finds

0 1
i=[-10
0 1
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as eigenvectors for ad(J) with eigenvalues 1 and —1. The root space decompo-
sition commutator table of s0(2,1) is thus given by

[Vo, il =W (B.28a)
[Vo, Vaal = =V (B.28b)
[‘/1, V_l] = —QVO. (B.QSC)

Notice that the map ¢(Ag) = 2Vh, ¢(A2) = V1, ¢p(A_2) = —V_; provides an
isomorphism between this table and the one of s{(2,R), equations (B.26). This
fact assures a Lie algebra isomorphism s[(2,R) ~ s0(2,1). We actually have a
stronger result:

Proposition B.13.
The group SL(2,IR) is a double-covering of the identity component SOg(1,2).

B.6 Iwasawa decomposition for SO(1,n)

We saw in the section B.9 that the quotient SO(2,n)/SO(1,n) has a particular
importance. Hence, we will work out the Iwasawa decompositions of these
groups imposing certain compatibility conditions. We already build the Cartan
involution 6 in such a way that [0, 6] = 0.

Now we show that 6 descent to a Cartan involution on H. It is clear that
the restriction of 8 is an involutive automorphism of H. Lemma B.17 assures
us that the restriction of the Killing form of G to H is the Killing form of H,
so that the condition of positivity of By holds on H as well as on G. Last, 6
leaves ‘H invariant. Indeed suppose that Xy = X7, + Xg € H@® Q. Then
00Xy = h' —qand Och = h' + ¢; since [0, 0] = 0, we have ¢ = 0.

All that proves that we can use the same Cartan involution on G as well as
on H. Since 0 = id|x @ (—id)|p, it is clear that

Kn=KnH, Pyu=PnH (B.29)
is the Cartan decomposition of H. We can write explicit matrices as

0 0
Ky = so(n) ~ 00 -, (B.30)

where B is skew-symmetric, and

00 -
P~ |00 '] (B.31)

u 0
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One remark that there are no two-dimensional subalgebra of Py. So Ay re-
duces to the choice of any element J; € Py. A positivity notion is easy to find:
the form w € Ay ™ such that w(Jy) = 1 is positive while —w is negative. We
choose

Ji =

(@)
o O O
(an]

—_

The computation of N3y = {X € H | (ad J1)X = X} yields the following :

0 0 0
a 0 — U -
0 a 0 —a .- 0
N~ (_) 0 a0 vz (B.32)
. i
0 v 0 —v 0
Loy

Finally, we consider the algebra Ry = Ay ® Ny

B.7 Iwasawa decomposition for SO(2,n)

As seen in the general construction and in previous examples, the Iwasawa
decomposition of a group or an algebra depends on several choices. We will
study two out of them in the case of SO(2,7n) and see that some “compatibil-
ity conditions” with the decomposition of SO(1,n) and the symmetric space
structure of AdS (see section B.9) fix most of choices.

The Lie algebra G = s0(2,n) is the set

{X € M(25n)x(24n) such that X'n +nX =0 and Tr X = 0} (B.33)

where 7 is the diagonal metric n = diag(—, —, +, ..., +). An element of s0(2,n)

t
. a u . .
can be written as X = v B with the matrices a € Maoxo, u € My x9,

v € My x2, and B € M,,«,,. The conditions in (B.33) give: a = —a
B = —B!. Hence, a general matrix of s0(2,n) is given by

X = (Z g) (B.34)

where a, B are skew-symmetric.

t u=v, and
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B.7.1 Cartan decomposition

The Cartan decomposition of s0(2,n) associated with the Cartan involution
0(X)=—-Xtis

K~ (5"(2) 50(n)>’ P (2 %t>. (B.35)

Elements of SO(2) are represented by

cosp  sinp
—sinpg cosp /)’
A common abuse of notation in the text will be to identify the angle p with
the element of SO(2) itself. In the same spirit, when we speak about a matrix

of A € SO(2), we mean a matrix whose upper left corner is A and the rest is
the unit matrix. For example, for AdSs, the matrix —1 € SO(2) is

Remark that IC, the compact part of G is made up from “true” rotations
while P contains boosts. This remark allows us to guess a right choice of
maximal abelian subalgebra in P. Indeed elements of A must be boosts and the
fact that there are only two time-like directions restricts A to a two dimensional
algebra. Up to reparametrization, it is thus generated by ¢0, +x0; and udy+yo:.
Hence the following choice seems to be logical:

0 0 0 1 0
0 0 0 1 0
J1= 0 EH, J2=q1= 1 EQ. (B36)
1 0

B.7.2 Maximal abelian subalgebra

The generators of A that we choose are the following linear combination of .J;
and Jo:
Hp = Fi3+ E31 + (—1)p(E24 + E42). (BS?)

B.7.3 Nilpotent part
We search the eigenvectors and eigenvalues of ad(H,) under the form F =

A B .
(C D) with A € Myxa, B € M_2)x4, C € Myx(n—2), D € M(n_2)x(n-2)-
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Remark that, thanks to (B.35), the matrix C' is completely determined by B:

ol — gli 2 — g2
{Ci?) — _BBi Ci4 — —B4i. (B38)
The equation to be solved is
(ad H,)E = (gv&é)] NSB> =\ E, (B.39)

with the notation A\, = A\(H,).

Search for two non zero eigenvalues

By “two non zero eigenvalues”, we mean a A\ € A* such that A\; # 0 and Ay # 0.
We immediately find D = 0.

The next step is to determine B by the condition N,B = A\, B. We change
the range of the indices. Now, a, b:1 — 4, and 4, j : 5 > n + 2 and a few
computation give Y, NS*B* = X\, B (with sum over a). Taking successively
c¢=1,2,3,4 and taking into account A, # 0, we find:

B = \,B" (B.40a)
(=1)PB* = \,B* (B.40b)
Ap = 1. (B.40c)

We can check that the equations obtained by —C'N, = \,C are exactly the one
that we can find directly using (B.38) and (B.40).

Now, we determine A by the condition [N,, A] = A\,A. We know that A
and IV, are 4 x 4 matrices. Again, we redefine the range of the indices: a = 1,2
and i = 3,4. Symmetry properties of A are A% = A AY = —AJ and
A% = _Abe o that

A= AIQ(Elg — E21) + Aai(Eai + Eia) + A34(E34 — E43)

Using equation (B.37), a quite tedious (but direct) computation give the fol-
lowing for [N, A]:

0 A23 _ (_1)pA14 0 A34 _ (_1)pA12
_A23 + (_1)pA14 0 A12 _ (_1)pA34 0
0 A2 (—1p A 0 A1 (—1)rA
A3t (—1ypAL2 0 A (—1)p A% 0
(B.41)

which has to be equated to A\,A. We immediately have A3 = A% = A3! =
A*? = 0. The others conditions are:

M A2 =A% — (—1)PAM (B.42a)
A AM =431 — (—1)P A2 (B.42b)
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Since we are in the case A, # 0, using the fact that A\, = £1, we easily find
A = 0. Now, we define A+4+ € A* by

Ave(H1) =1 App(Hz) =1,
Ai—(Hy) =1 A (Hp) = —1,
+—(H1) +-(H>) (B.43)
Ay (H) = —1 Ai(Hy) =1,
A_(Hy)=-1 A__(Hy)=—-1.
Root spaces are (with ¢ : 5 - n + 2):

Apy ~ Vi = Egi + By + Ejy — B,

A_ W; = Ey; + Foy — Eijy + Ejo,
+ 4 2 4 2 (B.44)

A~ X; = E3; — E1; — By — B3,
A~ Y, =FEy — By — Eyy — Ejs.

Search for eigenvalues with one zero

We denote by A(a,b) the element of A* defined by A(z1,z2)(H;) = z;. Equa-
tions (B.41) and (B.42) with for example a = 0 and b # 0 give Ay = +2. Serious
computation give:

0o 1 0 1 0 1 0 1

-1 0 -1 0 -1 0 1 0

MO, -2~ F=| " O ] Ao~ N= S
1 0 1 0 1 0 -1 0
(B.45a)

0 10 -1 0o 1 0 -1

-1 01 0 -1 0 -1 0

ANO.2) M= |70 | A0~ =T T T
-1 01 0 -1 0 -1 0
(B.45b)

In these expressions, we only wrote the upper left part of the matrices which
are zero everywhere else.

Two vanishing eigenvalues

We now search for a matrix E of so(2,n) such that (ad Hy,)E = 0 for p =1, 2.
Taking a look at (B.39), we see that D has no more constraints (apart the
usual symmetries). The equation (B.41) gives us A2 = A23 = A4 = 434 =,
but A, A% A31 A*? are free. Therefore we can write:

g/\(0,0) = {SC(ElS + E31) + y(E42 + E24) + (%%) } (B46)
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Remark that Gy 0,0y N P is spanned by matrices of the form

o8 © O
< O oo
OO O8
o ow O

so that Gy(0,0) N P = A. This is a simple consequence of the very definition of
A as maximal abelian subalgebra of P.

Choice of positivity

We are now able to write down the component A/. We just have to “select”
some Gy, ,, with a notion of positivity. Our choice is:

N = {V;,, W;, M, N}, (B.47)

with 4, j : 5 = n + 2. A basis of K is given by K,; = E.s — E, and
Ka =E12—E21 with r,Ss: 3—>n+2.

Let us summarize the result obtained. The Iwasawa decomposition of
SO(2,n) is given by

AZ {Hl,HQ} (B48a)
N = {V;,W;, M,N} (B.48b)
K = {(8 0)}. (B.48¢)

with 4, 7 : 5 = n +2, a € Moy, B € M, x, skew-symmetric, and H, =
Ei3+ F31 + (_1);D(E24 + E42).
The non-zero commutators in A ® N are :

[Vi, W;] = 6i;M [Wi, N] = —2V; (B.49a)
[H:,Vi] = Vi [Ha, Vi] = Vi (B.49b)
[Hy, N] = 2N [Hy, M] = 2M (B.49¢)
[Hi, Wi] = —W; [Hy, Wi] = Wi (B.49d)

B.7.4 Second Iwasawa decomposition for SO(2,n)

We know the +1 eigenspaces decompositions G = H®Q 2 K@®P with [0,6] =0,
and the Iwasawa decomposition Ay @ Ny @ Ky of H.

For compatibility and simplicity purposes, we want the Iwasawa decompo-
sitions G = A®N @ K of G in such a way that Ay < A and Ny < N. We
denote by A, N, K, Ay, Ny and Ky the analytic connected subgroups of G
whose Lie algebras are A, N, K, Ay, Ny, and Ky respectively.
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For the A-part, we just perform a change of basis

J1 = 1(1{2 — Hl) (B50&)

= DN

Jo = §(H1 + H2) (B50b)
in order to have J; € P n'H and Jy € P n Q. The involution ¢ has a simpler

expression in this basis. If a € A*, the notation o*a means f o o, and G,
denotes the root space associated with the form a.

Lemma B.14.
The involutions o and 0 act on the root spaces by

0Gy = Goroy, 0G, =G (B.51)
for all p € A*,
Proof. Let H € A and X € G; by definition: [H, X ]| = ¢(H)X. We have
o(H)oX =o[H,X]| =[cH,0X] =¢(cH)cX.
We conclude that 0 X € G,#,. For the second equality, we take X € G, and

[H,0X] = 0[0H, X| = 0(0(0H)X) = —p(H)O(X).

Proposition B.15.
The involution o changes the sign of the J -part of the root spaces:

G () = G(a-y)
where (z,y) denote the coordinates of a root in the basis {J}, J5} of A.

Proof. Since o is an involutive automorphism, it satisfies [cX,Y] = o[ X, oY].
So when X € G, ), we have (ad(J1))(0X) = z0X and ad(J2)(cX) = —yoX.
O

It is also clear that o*a = 0 implies a(Jz) = 0. Indeed, (o*«)(J2) =
a(—J3) = —a(J3), because J € Q.
We turn now our attention to the Iwasawa decomposition. As before we are

g g) with dimensions 4+(n—2).

The condition which determines the root spaces reads

(ad J,)E = (@C;‘] jiOB> L (g g) . (B.52)

searching for matrices under the form £ = (
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The computations are rather the same as the ones of the first time. The
result is
z 0
0 y
oo~ |z 0 , (B.53)
0 vy
D
where D € M, _2)x(n—2) is skew-symmetric. Notice that all but the D-part of
this space is spanned by ¢; and Ji, so the Q-component of that matrix is a
multiple of g;. Other root spaces are given by

g(l,O) ~ Wi =Foy + Eyy + Eio — Eiy € H, (B54a)
G(-1,0)~ Yi = —FEa; + Ey; — Ei» — Ejg, (B.54b)
G0y~ Vi = Evi + Esi + Ei — Eis, (B.54c)
g(O,fl) ~ Xy = —Ey + B3 — Eyn — E; (B.54d)
with! i: 5 — n + 2. For example,
1 0
0 1
0 1
1 0 -1 0 O 01 0 -1 0
0O 1 0 -1 0 1 0 -1
-1 0 1 O -1 0 -1 0
Gan~ M=\ 4o 1 o 1| Go-u~E=lg 1 o 1|
101 0 1 0 -1 0
(B.56)
0 1 0 1 0 1 0 1
-1 0 1 0O -1 0 -1 0
G~ N=14 1 o 1| 90> EF=14 4 o 1
1 0 -1 0 1 0 1 0

(B.57)

These are the same spaces as the previous ones. The subtlety is that we will
choice an other notion of positivity, so that the space N will be different.

Let us recall the aim of our new decomposition: we want to have Ry < R.

For this purpose, the equation (B.32) gives us a constraint on the choice of the

ILet us remember that we are dealing with SO(2,n) and that AdS; is a quotient of
SO(2,1 — 1), so in the case of AdS; the index j runs from 5 to I + 1. The first anti de Sitter
space which contains such root spaces is AdSy. More generally, remark that the table (B.59)
of s0(2,n) gives the feeling that if something works with AdSy, it will work for AdS;>4.
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O 1@ ]

®
-1 1 A%y
O -1 °

Figure B.1: The root spaces

positivity notion on A*. First we must have G 1) < N. The the upper left
4 x 4 corner of ANy is spanned by G(1,1) — Y(1,—1)- We complete our choice of
N with G(1,9). The underlying notion of positivity is that the element a(a,b)
is positive in A* when (a > 0) v (a =0 A b > 0).

The difference between decomposition and the previous one is the replace-
ment of N by L € G;,_1). Now

N ={W;,V;, M, L} (B.58a)
A = {J1, J2}, (B.58Db)
with the commutator table
Vi, Wj] =0y M [V;aL] = 2W; (B.59a)
[‘]17 W]] = W] [‘]27 ‘/1] = ‘/Z (B59b>
[J1,L] =L [Jo, L] = —L (B.59c¢)
[J1,M]=M [Jo, M] =M (B.59d)

It is important to note that W;, J; € H and J; € Q. The following change of
basis in A reveals to be useful in some circumstances:

Hy=J1—J> Hy =J1 + J> (B60a)

which leads to the table
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B.8 Group realization of low dimensional anti
de Sitter spaces

B.8.1 Two dimensional anti de Sitter

Using notations and conventions of section B.4, the set Ad(G)H is a subset of
s[(2,R) made of elements of norm 8. One can show by brute force computation
or using the commutation relations that

Ad(e®xTemnEyg = (—sin(2zk)zy + cos(2zk ) H
+ (—cos(2zk )N —sin(2zk))(E + F)
- wNT,

which is a, following the Killing form (B.25), general element of norm 8 in
s[(2,R). Thus as sets, AdS; is AA(KN)H. Since A is the stabilizer of H for
the adjoint action of G on H and G = ANK = KN A, we also have

AdS; = G/A=Ad(KN)H = Ad(G)H.
That provides isomorphisms

¢: [0, 7[xR — AdSs

(xg,zp) — Ad(e*KTe*NEY T, (B.62)
or
¢: Cyl - AdSs
(0,h) — Ad(e*Te"E)H. (B.63)
where Cyl is the usual cylinder in R3.
B.8.2 Three dimensional anti de Sitter
The space AdSj is the hyperboloid
w P -2t -yt =1 (B.64)

embedded in IR?2. There exists a bijection between IR?? and the two by two
real matrices given by

u
|t _futzxz y+ti
L = g(v) = (y—t u—x)'
Y
As far as norm is concerned, we have ||v| = det g(v). Among these matrices,

the ones of SL(2,IR) are given by the condition detg = 1, which is precisely
the equation of the hyperboloid in R*. That shows that AdSs = SL(2,IR).
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B.9 Symmetric space structure on anti de Sit-
ter

The I-dimensional anti de Sitter space AdS; can be described as set of points
(u,t,x1,...,2;-1) € R>"! such that u? +t> — 22 — ... —2? | = 1. The
next few pages are devoted to describe the homogeneous and symmetric space
structures on AdS; induced by the transitive an isometric action of SO(2,1—1).
We suppose that the groups SO(2,1 — 1) and SO(1,] — 1) are parametrized in
such a way that the second, seen as subgroup of the first one, leaves unchanged
the vector (1,0, ...,0). In this case, proposition 4.3 of chapter Il in [24] provides
the homogeneous space isomorphism

SO(2,1—1)/SO(1,1 — 1) - AdS,

1
o] > g- 0 (B.65)

where the dot denotes the usual “matrix times vector” action of the representa-
tive g € [g] in the defining representation of SO(2,1—1) on R%!~1. As far as no-
tations are concerned, the classes are taken from the right: [¢g] = {gh | h € H};
in particular the class of the identity e is denoted by ¥; the groups SO(2,1—1)
and SO(1,1—1) are denoted by G and H respectively and their Lie algebras by
G and H. Following proposition B.3, we can in fact only consider the identity
components of G and H.

Proposition B.16.
The homogeneous space AdS; is reductive.

The proof relies on the following lemma and the fact that SO(2,n) is
semisimple.

Lemma B.17.
If G is a semisimple Lie group and H a semisimple subgroup of G, the restric-
tions on H of the Killing form of G is nondegenerate.

Proof of proposition B.16. From the Killing form of G , one defines
Q=H'={XeG:B(X,H)=0VH e H}.

Let H, H € H and Y € Q. From ad-invariance of the Killing form, we have
B([H,Y],H’) = 0. Hence (ad(H)Q) < Q and the claim is proved.
O

Matrices of SO(2,n) are (2 +n) x (2 + n) matrices while the n-dimensional
anti de Sitter space is a quotient of SO(2,n — 1). In order to avoid confusions,
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we will reserve the letter n to the study of the group SO(2,7n) and the letter {
will denote the dimension of the anti de Sitter space which will thus be Ad.S;.

Let us provide a matrix representation now. The matrices of so(1,n) have
to be seen as matrices of s0(2,n) with the condition Y'oc + ¢Y = 0 for the
“metric” o = diag(0, —,+,...,+). Hence,

0 0 N
0 0 — ot >

H =s0(1,n) ~ : 1 (B.66)
0 v B

!

where v € M, x1 and B € M, is skew-symmetric. Comparing this with the
general form (B.34) of a matrix of s0(2, n) matrix, one immediately finds that,

with the choice
0 a —wt —
—a 0 Q-

o~ | (1 : (B.67)
w 0 0
l
the decomposition G = H @ Q is reductive:
[H,Q] c Q, [Q, Q] € H, (B.68)

and B(H, Q) = 0. In the sequel, we will use the basis of Q defined by
qo = E12 — Eo1, qi = B + Eqr. (B.69)

We define the involutive automorphism o = id |5y @ (—id)|g. The vector space
Q can be identified with the tangent space T}, AdS;, and that identification
can be extended by defining Q4 = dL,Q. In this case dr: Q4 — T[g] AdS; is a
vector space isomorphism. A homogeneous metric on T4 AdS; is defined as in
subsection B.3.3.

Cartan decomposition of SO(2,1—1) are of crucial importance in chapter 1,
so that we want to use a Cartan involution € such that [0,0] = 0 (see [31]
page 153, theorem 2.1). One can show that X — —X" has that property. The
corresponding Cartan decomposition is described in appendix B.7.1.

As a consequence of relations (B.68),

dr Ad(h) = Ad(h)dr (B.70)

because, if X € Q, dr (X)) = {X +Y | Y € H}, so Ad(h)Y € H and
Ad(h)X € Q.
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B.10 Iwasawa decomposition for s((2, C)

Matrices of s[(2, C) are acting on C? as

a g a+b

v —a) \c+di
_ ((ana — b + Bic — Bad) + i(aa + b + fac + Bid)
"\ (na—yb—aic+ ad) +i(y2a +1b— asc — aid)

if @« = a1 +iae. Our aim is to embed SL(2, C) in SP(2,R) (see sections B.11
and 2.3), so that we want a four dimensional realization of s((2, C). It is easy to
rewrite the previous action under the form of —ﬁa acting of the vertical

four component vector (a, b, ¢, d). The result is that a general matrix of sl(2, C)
reads

Q) —Q2 51 —52
Q2 aq 52 51
s1(2,C) ~ : (B.71)
Y1 T2 —Qq Q2
Y2 71 —Qy —Qq

The boxes are drawn for visual convenience. Using the Cartan involution
0(X) = —X*, we find the following Cartan decomposition:

0 —ao B1 —p

. az 0 B2 B
o 61 —B2 0 a ||
B2 =P —az 0 ( )
B.72
a; 0 B1 —Pe
’P 0 o B2 1
0 61 =B 0 o
B2 =P —az 0

We have dim Pg(2,¢) = 3 and dim Pg(2,¢) = 3. A maximal abelian subalgebra
of Py, is the one dimensional algebra generated by

1
Ay =

The corresponding root spaces are
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o 5l(2,0)o:
1 0 —1
L= : —1 = b 0 1
-1 -1 0
e 5(2,C)s
1 0 0 -1
Dy = - 0 1 . Dy = - 1 O)
0 0 0 0
e 51(2,0C)_s
0 0 0 0
o, = - 0 0, Cy = . 0 O)'
0 1 1 0

It is natural to choice sl(2,C)s as positive root space system. In this case,
./\/:5[(270) = {Dl,DQ}, ASI(Q,C) = {Il} and the table of A@N is
[I1,D1] = 2D, [D1,D2] =0 (B.73)
[I1,Ds2] = 2Dy (B.74)

B.11 Symplectic group

B.11.1 Iwasawa decomposition

A simple computation shows that 4 x 4 matrices subject to A*Q + QA =0 are

given by
A B
Cc At

where A is any 2 x 2 matrix while B and C' are symmetric matrices. Looking
at general form (B.71), we see that the operation to invert the two last column
and then to invert the two last lines provides a homomorphism ¢: sl(2, C) —
sp(2,R). The aim is now to build an Iwasawa decomposition of sp(2, R) which
“contains” the one of sl(2, C).

Using the Cartan involution #(X) = —X*, we find the Cartan decomposi-
tion

A S s 9
Kep(2,r) ~ (—S A) ) Pap(2,r) ~ (S’ —S) (B.75)
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where S and S’ are any symmetric matrices while A is a skew-symmetric one.
We have dim Cqpy(2,r) = 4 and dim Py, (o, gy = 6. It turns out that ¢(Kqi2,c))
Kep2,r) and ¢(Psi2,0)) € Pap(2,r)- A maximal abelian subalgebra of Py (2 g)
is spanned by the matrices A} and A} listed below and the corresponding root

sSpaces are:

e 5p(2,R)(0,0):

A5 =

* 5p(2, ]R') (0,2)*

o 513(273)(0,—2)3

o 5p(2,R)(2,0):

. 5p(2, ]R,) (2,2):

i 5P(27R)(2,72)1

1
0

0
1

0 1
;1o
1 oo | A= 0 -1
0 -1 -1 0
1 -1
, 1 =4
X = -1 -1
1 -1
11
;-1 =1
V= -1 1
-1 1
1 0
L 0 -1
Wi=10 o
00
11
L 11
=10 o
0 0
1 -1
- -1 1

o O
o O
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e 5p(2,R) (2,0

00
. 00
Y= 1 0
-1
o 5p(2,R)(—2,2):
00
. 00
= 1 -1
-1 1
o 5p(2,R) (22
00
, 00
= 1 1
11

o(1) = 4} (1) = ¥ (B.76
oo = £ 6(D2) = W' (B.77
sey =58 H(C) =" (B.78)

S0 Ngp(2,r) must at least contain the elements L', M’ and W'. We complete
the notion of positivity by V’. The Iwasawa algebra reads

Asp2,r) = {B1, Ba}
j\/.sp(Q,]R) = {le Mla Wla VI}

with
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where Bf = (A} + A}) and By = $(A] — A}). Generators of Kep(2 ) by
1 0 0 1
, 01 , =10
Ke=1-1 o K= 0 1
0 -1 -1 0
0 1 1 0
!’ 1 0 1 _ 0 _1
K2=10 - Ks=|_1 o
-1 0 0 1

Notice that [K}, K]] =0 fori =1, 2, 3.

B.11.2 Isomorphism
The following provides an isomorphism ¢ : s0(2,3) — sp(2,R):

Y(H:) = B U(w) = K
YW =W’ U(Ry) = 5K}
YD) = M Y(R) = K3
w(L) =1 Y(Rs) = K3
(V)= LV

where the R;’s are the generators of the so(3) part of Ky,(2,3) satisfying the
relations [R;, R;j] = €;;xRe. It is now easy to check that the image of the
embedding ¢: s[(2,C) — sp(2,R) is exactly so0(1,3), so that

Yplog: sl(2,C) - H (B.79)

is an isomorphism which realises H as subalgebra of sp(2,R). This circum-
stance will be useful in defining a spin structure on AdSy.

One can prove that the kernel of the adjoint representation of SP(2,R) on
its Lie algebra is +1, in other words, Ad(a) = id if and only if a = +1. We
define a bijective map h: SO(2,3) — SP(2,1R)/Z2 by the requirement that

¥ (Ad(9)X) = Ad (h(g))¥(X) (B.80)

for every X € s0(2,3). The following is true for all ¢(X):
Ad (h(gg))(X) = v ( Ad(g) (Ad(g ')X))

= Ad (h(9)) ¢ (Ad(¢")X)
= Ad (h(9)h(9") (X)),



134 APPENDIX B. TOOLBOX

the map h is therefore a homomorphism. If an element a € SP(2,R) reads
a = eXaeXNeXK in the Iwasawa decom;i)?sitiom:1 the p{(l)perty Ad(a)y(X) =

¥ (Ad(g)X) holds for the element g = e¥  Xae¥ Xnve¥ Xx of SO(2,3). This
shows that h is surjective.

B.11.3 Reductive structure on the symplectic group

A lot of structure of s0(2, 3), such as the reductive homogeneous space decom-
position as Q @ H, can be immediately transported from so(2,3) to sp(2,IR).
Indeed, let 7 = ¢(Q) and Z = ¢(sl(2,C)). We have the direct sum decompo-
sition
sp(2,R) =7 ®ZI.
Let X € T nZ, then 9y~ 'X belongs to @ n H which only contains 0. The
fact that ¢ is an isomorphism yields that X = 0. Since i preserves linear
independence, a simple dimension counting shows that the sum actually spans
the whole space.
Putting g = h™1(a) in the definition (B.80) of h, we find

¢ (Ad (R~ (a)) X) = Ad(a)y(X).

Considering a path a(t) with a(0) = e, we differentiate this expression with
respect to t at t = 0 we find

ad(dh )X = dy ! (ad(a)y(X)) = ad(dy @) (dy W X),

but diyp = 1 because 1 is linear, hence [dh~'a, X] = [¢~ta, X] for all X €
50(2,3) and a € sp(2,R). We deduce that (dh~!), = ~!. We define

95p =id Ksp @ (_ id) P
osp = 1d |7 @ (—id)|7.
We can check that ™1 0fs, 01 = 0 and 1)L 06, 01p = 6. Then it is clear that
[Uspa95p] =0

sp

using the corresponding vanishing commutator in s0(2,3). We denote 7, =
dL,T and the fact that dp = dmrodh™! = dro1)~! shows that dp(7,) is a basis
of Ty(4)(G/H). So we consider the basis t; = ¢(¢;) of 7 and the corresponding
left-invariant vector fields ¢;(a) = dL4t;.

B.12 Some symplectic and Poisson geometry

B.12.1 Symplectic manifold

A symplectic structure on a vector space V is a skew-symmetric, nondegen-
erate bilinear 2-form Q: V x V — R. We define the symplectic group SP(f2)
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as the group of linear operators A: V' — V such that Q(Au, Av) = Q(u,v) for
every u, v € V. It is easy to see that elements of SP(V') satisfy

AQA = Q. (B.81)

The Lie algebra of SP(2) is denoted by sp(2). Taking the derivative of equation
(B.81) with respect to A, one finds the following condition for B € sp(Q):

QOB + B'Q = 0. (B.82)

A symplectic manifold is the data of a smooth manifold M and a sym-
plectic structure w, on each tangent space T, M. The map r — w, is required
to be a smooth section of the 2-tensor bundle.

Definition B.18.
A symplectic Lie algebra is a Lie algebra s endowed with a symplectic struc-
ture w such that Vx, y, z € s,

w([z,y], 2) + w([y, 2], ) + w([z, 2], y) = 0. (B.83)

B.12.2 Poisson manifold

Let M be a smooth manifold. A Poisson bracket, or a Poisson structure on
M is amap {.,.}: C*(M) x C*(M) - C*(M) such that

1. (C*(M),{.,.}) is a Lie algebra,

2. for each f € C*(M), the map {f, .} is a derivation of the algebra C*(M):

{f.gh} ={f,g}h +g{f, h}.

B.12.3 Hamiltonian action

Let (M;,w1) and (Ma,ws) be symplectic manifolds. A symplectomorphism
from M; to My is a diffeomorphism ¢: M; — My such that p*ws = w;.
For any function f € C* (M), we define the Hamiltonian field X; € X(M)
associated with f by
i(Xp)w = df. (B.84)

Existence is assured because w is nondegenerate. A symplectic structure in-
duces a Poisson bracket by defining

{19} = —w(Xy, Xg) = =Xy(f) = X;(9)- (B.85)
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In local coordinates, one can write w = %wijdzi A dzd and Xy = wij(?if(?j,
where (w") is the inverse matrix of (w;;). The Poisson tensor defined by

{f, 9} = P*orfong, (B.86)

is nothing else than P = w™!.

Theorem B.19.
If p: M — M’ is a diffeomorphism between two Poisson manifolds (M, P) and
(M', P"), then the following are equivalent:

1. a(Xgop) = X},
2. {uop,vop}={uv} oy,
3. ouP =P,

If moreover the Poisson structures P and P’ come from symplectic forms w
and W',

4. oW = w.
Now, we consider a symplectic action 7: G x M — M of a Lie group G on
M (i.e. 7g: M — M is a symplectic transformation of M for each g € G). The

action is Hamiltonian if, for every X € G, there exists a map Ax € C* (M, C)
such that

(X *)w = dXx, (B.87a)
{Ax, Av} = Ax vy (B.87h)

Definition B.20.
The map A: G — C*(M) which satisfies (B.87) is the dual momentum map
while the momentum map is J: M — G* defined by

Ax(z) = J(x), X) (B.88)
for all X € G.

B.12.4 Coadjoint orbits

Let G be a Lie group and G its Lie algebra. We know that G acts on the dual
G* by

g-&=EoAd(g™") = Ad(g9)*¢ (B.89)
for g € G and & € G*. The second equality defines the coadjoint action
Ad*: G x G* — G*. In other words, for all X € G,

(9-O(X) =€ Ad(g™1)X) = (Ad(9)*(€), X).
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In this context, the notion of fundamental fields is given bu X} = { o ad(X).
Let 6 = {g - {|g € G}, the orbit of £ in G*. It can be shown that

defines a symplectic form on 6¢, the coadjoint orbit of &.

Proposition B.21.
The coadjoint action is Hamiltonian.

B.12.5 Central extension

Let G be a Lie algebra. A Chevalley coboundary is a 2-form which reads §¢
for a certain £ € G* with ¢ defined by

(06)(A, B) = =¢([4, B]). (B.91)

Let € be a 2-cocycle. If it is not a coboundary, we add an element C' in G and
we consider G’ = G @ RC' with the Lie algebra structure

[A+s,B +tlg = [A, Blg + Q(A, B)C. (B.92)

This is the central extension of G with respect to the 2-cocycle 2. The
terminology comes from the fact that the extension RC' belongs to the center
of G’. The point is that  is a coboundary in G’ because

(6C*)(A, B) = C*[A, Blg: = C* ([A, Blg + (A, B)C) = Q(A, B), (B.93)

so that Q = §C*.

Now we suppose that the group G acts on a manifold M. We define the
action of the extended group G’ = G®eRC by saying that the “new” part does
not act: (g,s) -z = ¢g-x. Fundamental fields remains unchanged:

(X,8)* = X*. (B.94)

If the action of G on M is weakly Hamiltonian, we have functions p,: M — C
such that ¢(X™*)w = dux. These functions fulfil X* = {ux, .}. We define

Ax,s = pbx + 8. (B.95)

Proposition B.22.
The action of G' is (strongly) Hamiltonian for these functions.

Proof. From equation (B.94), we have {ux,.} = {ux,s, -} hence

{Ax.s) Ao} = lox, vy} = pxy) + Cxy (B.96)



for certain constants C'xy which satisfy the property d({uX, wy } —/L[X7y]) = 0.
Therefore

{Ax,9) Ay} = Ax yloxy = A(X.s), (V0] (B.97)
O

The sense of the whole construction is the following. When the action G is
weakly Hamiltonian on M, we have functions pux which define ) by

{ux,py} = prx vy + QX Y).

In this case, the corresponding group extension has a strongly Hamiltonian
action with momentum maps given by (B.95).



Conclusion

In a first time we defined a black hole in anti de Sitter space. This construction
is not related to any metric divergence but is a dimensional generalization of a
causal black hole whose singularity is dictated by causal issues. The originality
of our approach lies in the fact that our method uses essentially group theoret-
ical and symmetric spaces techniques. That result should be generalisable to
any semisimple symmetric space.

Then we proved that the physical domain of the black hole (the non singular
part) is equivalent to a group in the sense that there exists a group which acts
freely and transitively by diffeomorphisms. So we identify the group with the
manifold and it is easy to prove that the latter group is a split extension of an
Heisenberg group which happens to be quantizable by a twisted pull-back of a
previously known quantization of SU(1,n).

We also proved two somewhat out of subject small results. The first one is
the fact that a deformation of the half-plane by Unterberger can be transported
to a deformation of the Iwasawa subgroup of SL(2, IR) which can in turn deform
(by the group action method) the dual of its Lie algebra. We showed however
that that deformation is not universal; indeed we pointed out two different
actions of the Iwasawa subgroup of SL(2,R) on AdS5 for which the deformation
by group action method reveals to be unable to even multiply two compactly
supported functions. An interesting question is to know the precise point in
the construction of Unterberger which makes his product non universal.

The second small result is a proof of concept for quantization of the Iwasawa
subgroup of SO(2,n) by the method of the extension lemma. We wrote SO(2,n)
as a symplectic split extension of SU(1,n) by SU(1,1). The extension lemma
then provided a kernel on SO(2,n) because kernels were known on SU(1,1)
and SU(1, n). Is that quantization equivalent in some sense to the one that we
performed in the main line of the black hole deformation ? That question still
has to be solved.

As a final remark, I want to point out that the major challenge of this
century is not quantization, but global warming.
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